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Abstract

The aim of this study is to explore mathematics teaching department students’ perceptions on the concepts of
proposition, theorem, and proof which are very important for daily life, mathematical literacy and studying
mathematics; the common mathematical content used in constructing these concepts; and whether these constructions
and content construction match each other. A survey model was used for fulfilling the aim. The data was taken from
329 first-grade mathematics teaching department students’ examination papers. The students were enrolled to an
Education Faculty of a state university located in the Eastern Anatolia Region of Turkey and the data was collected in
the first semesters of academic years 2009-2010, 2010-2011, 2011-2012, 2012-2013 and 2013-2014. The numerical
distribution of the participants across years was, respectively, 82, 46, 52, 42 and 107. The data was descriptively
analysed. It was found out that the students better structured the concept of proposition (when compared to the
concepts of proof and theorem) in accordance with the content construction of concepts and the mathematical
expressions used in construction of the concepts of theorem and proof by the students were far away from the
mathematical expressions used in the content of these concepts.
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1. Introduction

As in the example of definitions of the words “glass” and “stone” and then the formation of the propositions “Glass is
a fragile material” and “I threw a stone”, the logical inference from these propositions that “If I throw the stone, the
glass is broken” and the affirmation of the logical inference for “breaking the glass by throwing a stone at it”, people
live a life based on definitions, propositions, theorems, and proofs. Namely, first, the definitions, then propositions,
and from these propositions, theorems are produced and proofs are provided. Similarly, all the things which are wanted
to be analysed in Mathematics are first defined, and then turned into propositions, and finally, with the help of these
propositions, theorems are obtained (Heinze and Reiss, 2003; Nasibov and Kagar, 2005; Nasibov and Yetim, 2008). As
definition is not more than explaining the other people which idea the term defined refers to with words, the best
definition is made by listing the pure ideas collected in the referent of the term defined (Bravo, 2010). In brief,
identifying the meaning of a term is defining that term (Milli Egitim Bakanligi [MEB], 2011). Terms are divided into
subcategories as “well-defined terms” and “intuitively-defined (or undefined) terms”. If every word of a definition
cannot be explained with simpler words, it is intuitively-defined, if it is, it well-defined. For example, the terms “point”,
“line”, and “plane” used in geometry are intuitively-defined terms. Terms can be put in order with axioms (postulates
in geometry) or propositions (Bravo, 2010), which allows us to form theorems and mathematical structures.

1.1 Some Resources Used in Teaching These Subjects and Contents Used in These Resources

Students gain the first detailed information about propositions, axioms, theorems, and proofs in the High-school 1*
grade Mathematics course-book prepared by the Ministry of National Education (MEB) in Turkey as in follows:

In mathematics, stating an exact inference is defined as judgement. The statements about which we can reach an
ultimate judgement in mathematics are called propositions. The propositions regarded to be true are called axioms,
and the propositions we need to prove are called theorems. A theorem consists of one hypothesis and one judgement. In
the theorem p=q, p is called hypothesis and q is called judgement. In a theorem, both p (hypothesis) and q (judgement)
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should be true. While showing that the judgement of a theorem is true is called proof, reaching the judgement of a
theorem from its hypothesis is called proving the theorem. While proving a theorem, previous definitions, axioms, and
theorems are used. The greatest difference of theorem from axiom is the requirement for proof (MEB, 2011).

On the other hand, at the tertiary level, the terms proposition, theorem, and proof are explained as follows:

Proposition is defined as the statement which can be matched with one, only one of “true” and “false”. The
propositions which have been proven in advance are called theorems (Akkas, Hacisalihoglu, Ozel and Sabuncuoglu,
1998, pp. 1, 5).

The statements which contain a true or false judgement are called propositions. Say p is a true proposition: If the
prerequisiteof p= q is true, the proposition of p= q is called theorem (Dénmez, 1987, pp. 1, 5).

If a sentence is definitely true or definitely false, this sentence is called proposition. When a proposition as p= q is
given, if this proposition is “true”, it is called theorem.In the theorem of p= q, p is called hypothesis and q is called
judgment. The process of showing that a proposition like p= q is “true” is called proving the theorem (Irmak, 2008, pp.
3, 40).

The statement which is not both true and false though it is either true or false is called a proposition. Indicating that
some propositions which are supposed or given to be true altogether require a proposition to be true is called theorem.
The proposition which is the concurrent affirmation of the propositions whose truth is supposed or given is named the
hypothesis of the theorem and the theorem whose truth is put forward is named the consequent of the theorem.
Showing that hypothesis requires a consequent is called mathematical proof. If the hypothesis in a theorem is shown as
H and the consequent as R, proving the theorem mathematically means showing that H = S is true as long as H is true
(Ozer, Coker and Tas, 1999, pp. 1, 18).

Proposition is a case just like that in an English sentence which has a subject and a predicate. Propositions can be either
true or false. A mathematical proofis a system which involves a series of valid formulae each line of which is an axiom
or a consequent of an applied Modus Ponen (the compound proposition of [p A (p = q)] =q, or a hypothesis or a
lemma. The last formula of this system is called theorem (Hirst and Hirst, 2004, pp.1, 15).

The statements which convey a judgement and about which it is meaningful to say true or false are called propositions.
The inferences drawn from axioms according to the principles of logic are called theorems. A reason should be given
for each step of proving theorems. This reason can be only either an axiom or a theorem proven in advance. It is very
important to take many details into account in a preliminary work on any phenomenon. However, as the course
progresses, we can complete the proof by involving fewer details as a result of using some techniques repeatedly. Say
we are given an axiomatic system the axioms of which are a,, a,..., a,, and s is a meaningful proposition identified
according to the conventional terms of the system or its defined terms: If s is the logical outcome of the system, it is a
theorem. In other words, if the truth of axioms requires the truth of s, s is an axiom. This can be symbolically given as;

Givena=a; Aa, A ... A a,, the consequent is a=> s. The proof of s is a finite series of propositions each of which
is an axiom or a non-contradictory consequent of the previous propositions in a way as the last proposition is s.

Most theorems are expressed as requirements.

Say s = (p= q), then, the assumption thats is a theorem is equal to s =(p=> q. At the same time, it can be seen
thatfa = (p = q)] < [(a A p) = q]. The case where a is always true shows that the value of truth of the compound
proposition [a = (p = q)] is the same as the truth value of (p=> q). The direct proof of (p = q) is finding the truth
of q by assuming that p and axioms are true (Celebi and Cakar, 1993, pp.1, 9, 16, 28, 29).

While there are no differences between the definitions of proposition, some of the definitions of theorem and proof
reciprocally refer to each other and they do not include explanatory information about how a theorem can be formed
and how a proof can be produced. This case affects students’ constructions of these concepts and consequents in
dealing with and conveying theorems together with their proofs (usually as memorization). Furthermore, these
definitions of theorem and proof cause the formation of questions such as “Are there propositions whose rightness
cannot be proven?”, “Which propositions can be proven in terms of their truth?”, ““What kinds of differences are there
between true propositions and those whose truth has been proven?”, “How can the truth or falsity of a proposition be
known if every proposition cannot be proven?”, “Why do we not name some theorems at the end of proving process
theorem even though we name them proof and prove them?”.

Existence of numerous national and international studies on individuals’ weaknesses or misconceptions about theorem
and proof (Almeida, 2000; Arslan and Y1ldiz, 2010; Arslan,2007; Aydogdu, Olkun and Toluk, 2003; Bahtiyari, 2010;
Coskun, 2009; Dane, 2008; Dreyfus, 1999; Giiven, Celik and Karatas, 2005; Harel and Sowder, 1998; imamoglu, 2010;
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Jones, 2000; Moore, 1990, 1994; Morali, Ugurel, Tiirniiklii, and Yesildere, 2006; Ozer and Arikan, 2002; Raman, 2002,
2003; Recio and Godino, 2001; Sar1, Altun, and Askar, 2007; Selden and Selden, 2003; Shipley, 1999; Stylianides,
Stylianides and Philippou, 2007; VanSpronsen, 2008; Weber, 2001, 2005) shows that the gaps or misconceptions
related to theorem and proof are not peculiar only to Turkish context. Studies, among these subjects, have focused on
proof which is regarded very important for developing mathematical thinking (Hanna, 2000; Morali, Kéroglu and
Celik, 2004; Morali et al., 2006) and can be used as a means of persuading people (Harel, 2008; Harel and Sowder,
1998, 2007) (persuading people would decrease the undesirable social events). Proof shows thereasons beyond
explaining the truth or falsity of each case (Tall and Mejia-Ramos, 2006). Proof is important for also doing
mathematics, establishing a mathematical communication, and recording mathematics (Schoenfeld, 1994). With this
nature, proof is productive (Coe and Ruthven, 1994; Martin and Harel, 1989) and differs from affirmation. Beside
these, in NCTM in 2000, it is reported that proof is an effective way which can be used in developing and explaining
instincts. Studies with the purpose to find out the reasons underlying the difficulties with proof which is an important
phenomenon show that students cannot remember what proof is (Moore, 1994; Raman, 2003), do not have right ideas
about what a mathematical proof consists of (Weber, 2001), and cannot understand the concept of proof (Dane,
2008;Gtiler and Dikici, 2012; Moore, 1994). Defining a subject matter difficult or easy vary according to various
criteria. Generally, as the mathematical subjects cover abstract and complex information, they are considered to be
difficult. Nevertheless, the subjects of mathematics can be taught and learned. Sometimes, what is learned may not be
enough for doing mathematics because learning mathematics and doing mathematics hold different meanings. Doing
mathematics involves, in addition to learning mathematics, building relations among what is learned in consistence
with the nature of mathematics, making logical inferences, and proving these inferences, again, in consistence with the
nature of mathematics. The constructions of these concepts will occur in the learning process. The people who have a
crucial role in this process are teachers. The field knowledge needed to be effective in mathematics teaching (Bayazit
and Aksoy, 2010; Escudero and Sanchez, 2002; Ozmantar and Bingdlbali, 2010; Tirosh, Even and Robinson 1998;
Yesildere and Akkog, 2010) covers all of the views and perceptions of mathematics teachers about the definitions,
axioms, undefined concepts, methods of proving, correlation, rules, and formulae used in the teaching of mathematical
subjects (Ball, 1991; Shulman, 1986).

Therefore, studies aiming at exploring pre-service teachers and teachers’’ opinions about and their views of proof and
their processes of proving (Almeida, 2000, 2003; Dane, 2008; Dickersen, 2006; Harel and Sowder, 1998; Iskenderoglu,
Baki and Palanci, 2011; Jones, 1997, 2000; Knuth, 2002; Morali et al., 2006; Raman, 2002, 2003; Recio and Godino,
2001; Solomon, 2006; Stylianides, et al., 2007; Weber, 2001) have also been conducted. In addition, it is suggested that
teaching programs should cover some activities for developing and evaluating mathematical discussions and proofs
(NCTM, 2000). In this sense, the subjects proposition, theorem, and proof which are necessary especially for doing
mathematics are the subjects which are always worth studying on.

1.2 The Purpose of the Study

This study aims to identify the common mathematical contents the students have used in constructing the concepts of
proposition, theorem, and proof, which are very important for their daily life, mathematical literacy, and doing
mathematics, between the years 2009 and 2014 and, in this way, to explore whether students’ constructions and the
content constructions of these concepts match each other. For this purpose, answers were sought for the following
sub-problems for five years;

1. What are the common mathematical contents the students have used in constructing the concepts of
proposition, theorem, and proof?

2. Do the students’ constructions of the concepts of proposition, theorem, and proof and the content
constructions of these concepts match each other?

2. Methodology

As it was aimed to explore the common mathematical contents used in constructing the concepts of proposition,
theorem, and proof for a period of five years, therefore a general survey model which aims to gather many individuals’
general ideas on a specific topic and reach a general conclusion (see Karasar, 2008) was used. The data collected
through a document analysis of the written materials involving information on the phenomena to be studied was
described by using a content analysis (Y1ldirim and Simsek, 2005).

2.1 Participants

The participants of the study consisted of 329 first-grade students who were given the Abstract Mathematics course at
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the Department of Mathematics Teaching of an Education Faculty of a state university located in the Eastern Anatolia
Region of Turkey between the years 2009 and 2014. The distribution of the participants across the academic years was
respectively 82 (2009-2010), 42 (2010-2011), 52 (2011-2012), 46 (2012-2013), and 107 (2013-2014). Some of these
students had to take the Abstract Mathematics course twice or more since they failed in the examinations before. The
students at the department are taught the concepts of “proposition”, “theorem”, and “proof” in the Mathematics course
at the first grade of high school and at the 3-hour Abstract Mathematics course in the second semester of the first
year.In addition, these students are given a 5-hour General Mathematics in the first semester of the first year and a

3-hour Geometry course in the second semester of the same year.
2.2 Data Collection Instrument

In this study, the data was collected through final examination papers. In the final examination, one of the open-ended
questions was asked for the purpose of collecting the data of this study. Not the same question was asked for four years.
Each year, the content of the question was changed. For example, while the question was asked as “What are set,
theorem, correlation, proposition, and proof? Explain” in the first year, in the second year, it was changed into “What
are theorem, function, proposition, family of sets, and proof? Explain”. During the examinations, the general
examination rules of examination of the faculty were followed. Since the examination results would directly affect
their academic achievement, it is naturally supposed that they answered the questions using their all knowledge on the
subject matter and their full attention with the desire to give the right answer. After the examination, no negative
feedback was shared by either the examination invigilators or the students.

2.3 Data Collection and Analysis

During a two-lesson-hour time (100 min.) which is the formal duration allotted for final examinations, students were
asked to give written answers to the questions. As all the examination rules should be followed during the entire time of
examination, any interaction among students was out of question. The data was first subjected to a content analysis and
then it was descriptively (Yildirim and Simsek, 2005) analysed. Using a key, examination papers were evaluated one
by one (after the evaluation of each question, the papers were reordered. The examination papers were numbered from
one to the number of the students attended the examination each year according to the year of enrolment (as 2009-09/1
and 2013-13/1) and computerized. For the answers given, the themes, “proposition”, “theorem”, and “proof” were set.
Later, these themes, as given in the tables (Not given here for avoiding repetition) in the section of “Findings”, were
analysed under the categories and sub-categories formed according to the common emphasis points of student answers
and interpreted with direct quotations. As a common definition was given for only proposition in the references in
“Introduction” and supposing that students may have benefited from different sources, under the theme “proposition”,
the categories “right”, “false”, and “no answer” were used.

3. Findings

In this part, findings related to sub-problem of the research were given in separate headings.

3.1 The Common Mathematical Contents Used in Constructing Proposition, Theorem, and Proof
3.1.1 Proposition

The distribution of students’ responses to the question “Define proposition” by years and categories is given in Table 1.

Table 1. The Distribution of Students’ Responses on Proposition by Years and Categories

2009-2010 2010-2011 2011-2012 2012-2013 2013-2014 5 years
Category N % n % n % n % n Y% n %
Right 39 47.56 24 57.14 36 69.23 30 65.22 47 43.93 176~ 53.50
False 31 37.81 17 40.48 16 30.77 13 28.26 40 3738 117 3556
No answer 12 14.63 1 2.38 - - 3 6.52 20 18.69 36 10.94
Total 82 100 42 100 52 100 46 100 107 100 329 100

As shown in Table 1, in the mean of five years, whereas the constructions of the concept of proposition of more than
half of (53.50%) the students were in consistency with the content structure of the concept, the constructions of
slightly more than of one out of three (35.56%) of them were not. Nearly one out of ten (10.94%) of the students
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could not construct the proposition. The construction of the concept of proposition in consistency with the content
structure of the concept was highest (69.23%) in the academic year 2011-2012 while it was lowest (43.93%) in
2013-2014. The construction of the concept not consistent with the content structure of the concept was highest
(40.48%) in the 2010-2011 and lowest (28.26%) in 2012-2013. Whereas all the students made a construction for the
concept in the 2011-2012, the number of the students who did not make any construction was highest (18.69%) in
the 2013-2014. Although the rate of the constructions consistent with the content structure of the concept increased
from the first year to the second and from the second year to the third regularly and at a rate which can be regarded
high, the rate decreased slightly from the third year to the fourth and from the fourth year to the fifth at a rate which
can be regarded high and it was even below the rate of the first year.

3.1.2 Theorem

The distribution of students’ responses to the question “Define theorem” by years and categories is given in Table 2.

Table 2. The Distribution of Students’ Responses on Theorem by Years and Categories

2009-2010 2010-2011 2011-2012 2012-2013 2013-2014 5 years
n % n % n % n % n % n %

Categories

Associating with only
“proot™

Associating “Truth with
proving-accepting”

18 2195 2 4.76 2 3.85 7 15.22 34 31.78 63 19.15

50 31 7381 34 6538 30 6522 25 2337 161 4894

Associating “Truth or

falsity with 6 7.32 3 7.14 4 7.69 4 8.70 14 13.08 31 9.42
proving-accepting”

Associating with

“Hypothesis

(assumption) and 2 243 4 9.53 10 19.23 1 2.17 3 280 20 6.08
judgement

(Consequent) concepts”

Other 8 9.76 1 2.38 2 3.85 3 6.52 11 1028 25 7.60
No answer 7 8.54 1 2.38 - - 1 2.17 20 18.69 29 8.81

Total 82 100 42 100 52 100 46 100 107 100 329 100

In their responses to the question “Define theorem”, in constructing the concept of theorem, students used the
mathematical contents “proving-accepting the truth” most (48.94%) and “Hypothesis (assumption) and judgement
(Consequent)” least (6.08%). Whereas use of the mathematical content “proving accepting the truth” was 50% in the
first year, it decreased to 23.37% in the fifth year. On the other hand, whereas use of the mathematical content
“Proving-accepting truth or falsity” was 7.32% in the first year, it increased to 13.08% in the fifth year. Use of the
mathematical content of theorem “hypothesis and consequent” is the mathematical content which was highest
(19.23%) in the third year and has the lowest overall mean (6.08%) for five years. In addition, the rate of the students
who could not construct theorem was much higher (18.69%) in the last year than the other years.

3.1.3 Proof
The distribution of students’ responses to the question “Define proof” by years and categories is given in Table 3.

Students, in their constructions in their answers to the question “Define proof’, used the mathematical content
“theorem” most (44.38%) and “axiom” least (1.52%). Whereas use of the mathematical content theorem was 50% in
the first year, it decreased to 39.25% in the last year. Students’ percentages of using the mathematical contents
“proposition” and “formula-expression-operation-problem-question-judgement and equality” were nearly equal to
each other over the five-year term. Percentage of the use of the mathematical content “proposition” increased in the
first three years, and then decreased; and, in the last year, it reached its lowest percentage. While the use of the
mathematical content “formula-expression-operation-problem-question-judgement and equality” has the highest
percentage in the fourth year, the means of other years were very close to the rate in that year. An interesting finding
is that the use of the mathematical contents “hypothesis and consequent”, which is already low has its lowest
percentage in the fifth year. There were great increases in the percentages of the students who could not construct the
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concept of proof in the last two years. Nearly one out of five (18.54%) of them could not construct the concept of
proof.

Table 3. The Distribution of Students’ Responses to the Question on Proof by Years and Categories

2009-2010 2010-2011 2011-2012 2012-2013 2013-2014 5 Years
Categories n % n Y% n Y% n Y% n % n %
Associating with theorem 41 50 24 57.14 20 38.46 19 41.30 42 39.25 146  44.38
Associating with Proposition 11 1341 6 1429 11  21.15 4 8.70 7 6.54 39 11.85
Associating with Hypothesisand o) 5 510 g 535 4 870 1 094 22 669
Consequent
Associating with Axiom 1 1.22 - - 1 1.92 2 4.35 1 0.94 5 1.52

—_

Associating with Hypothesis 1.22 2 4.76 4 7.70 - - 3 2.80 10 3.04
Associating with Formula,
Expression, Operation, Problem,
. . 10 12.20 6 14.29 6 11.54 9 19.56 15 14.02 46 13,98
Question, Equation, Judgement

etc.

No answer 12 14,63 1 2,38 2 3,85 8 17,39 38 35.51 61 18,54

Total 82 100 42 100 52 100 46 100 107 100 329 100

3.2 Match between the Concept Construction and the Content Constructions of the Concepts
3.2.1 Proposition

Sub-categories of the category of “false” student answers to the question “Define proposition” and their distribution
by years are shown in Table 4.

Table 4. Sub-categories of the Category of “False” Student Answers to the Question on Proposition and Their
Distribution by Years

2009-2010 2010-2011 2011-2012 2012-2013 2013-2014 5 Years
Sub-categories N % N % n % N % n % N %
The judgements,

-Statements- sentences

whose truth or falsity is 16 5161 8 4706 8 S0 8 6154 17 425 5T 4872

not completely known or

exact or still being

pursued or debated

The

judgements-statements-sen

tences-hypotheses whose 8 25.81 7 41.18 4 25 4 30.77 13 325 36 30.77

truth orfalsity cannot/can

be proven

Others 7 22.58 2 11.76 4 25 1 7.69 10 25 24 20.51
Total 31 100 17 100 16 100 13 100 40 100 117 100

As given in Table 4, nearly half of the students (48.72%) who constructed the concept of “proposition” not consistent
with its content construction defined proposition as “The judgements,-statements- sentences whose truth or falsity is
not completely known or exact or still being pursued or debated” and nearly one out of three of them (30.77%)
defined it as “The judgements-statements-sentences-hypotheses whose truth or falsity cannot/can be proven”. In
addition, in the answers in nearly one out of five of the students (20.51%) whose constructions were not consistent
with the content construction of the concept of proposition, no common mathematical content was found. The
students in the first group wrote some of the conditions that prevent a sentence from being a proposition. The
expressions of the students coded 09/17, 10/16, 11/9, 12/22, in this group, are given below.

09/17. They are the statements whose truth or falsity is not precise.

10/16. The statements whose truth or falsity is not precise are called propositions.
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11/9. The statements whose truth or falsity is not precise and not either true or false are called propositions.
12/22. They are the statements whose truth or falsity is not known.
13/88. The statements whose truth or falsity is not precise are called propositions.

The students in the second group defined proposition as “The judgements-statements-sentences-hypotheses whose
truth or falsity cannot/can be proven”. These students perceived proposition as an argument that should necessarily
be proven. Of the students in this group, the expressions of those coded 09/46, 10/22, 11/49, 12/35 and 13/55 are
given below.

09/46. They are the statements whose truth cannot be proven.

10/22. They are the sentences which can be either true or false but not proven.
11/49. They are the judgements accepted to be true but not proven yet.

12/35. It has not been proven to be true or false yet. It is a hypothesis.

13/55. They are the statements whose truth or falsity has not been proven.
3.2.2 Theorem

Sub-categories of each of the categories of the answers given by students to the question “Define theorem™ and their
distribution by years are shown in Table 5.

As shown in Table 5, the students who constructed the concept of theorem with “proof” did this most (38.71%) by
associating it with proposition. This result was evidenced most (50%) in 2010-2011 and 2011-2012 academic years
and least (28.57%) in the 2012-2013 academic year. Of the students who constructed the concept of theorem with the
concept of “proof’, more than one out of three (33.87%) did this by associating it with
“statements/knowledge/problems/things”. Whereas this case occurred most (71.43%) in the 2011-2012 year, no
student made such an association in the 2010-2011 year. Nearly one out of four of the students who constructed the
concept of theorem with the concept of “proof” (25.81%) did this by associating it with “axiom/hypothesis”. While
this association was not made in 2010-2011 and 2011-2012 years, it was highest (36.36%) in the 2013-2014. The
expressions of the students coded 09/20, 11/44 and 13/21 in this group are given below.

09/20. They are the propositions which are accepted after being proven.
11/44. The statements which can be proven are called theorems.
13/21. They are the axioms which are accepted without proof.

The students who constructed the concept of theorem with “proving-accepting truth” did this by associating it most
(61.71%) with “proposition” and least (8.70%) with “axiom/hypothesis”. Also, nearly one out of three of these
students (29.81%) constructed theorem with “statements/knowledge/problems/things/judgements”. Whereas the
percentage of the students who constructed theorem with “proposition” and “statements/knowledge/problems/things/
judgements” was lowest in the last year, the percentage of the students who constructed theorem with
“axiom/hypothesis” which already have truth was highest in the same year. The expressions of the students coded
12/20, 09/80 and 13/71, in this group, are given below.

12/20. They are the propositions whose truth can be proven.
09/80. They are the hypotheses whose truth has been proven.
13/71. The axioms whose truth can be proven are called theorems.

More than half of the students (61.29%) who constructed theorem with “proving-accepting truth or falsity” did this
by associating it with “proposition” and the others (39.71%) with “statements/judgements/axioms/hypotheses. The
expressions of the students in this group coded 11/23 and 13/94 are as follows.

11/23. They are the mathematical expressions whose truth or falsity can be proven.

13/94. They are the axioms whose truth or falsity can be proven.
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Table 5. Sub-categories of Each of the Categories of the Answers Given by Students to the Question on Theorem

and Their Distribution by Years

2009-2010

2010-2011 2011-2012 2012-2013 2013-2014 5 years

Sub-categories n %

n % n % n % n % n %

Constructions with “Proof”

Propositions which are accepted as

they have been proven- as they can 6 33.33
be proven- without proof
Statements/Knowledge/Problems/Th
ings which are accepted as they g 44.44
have been proven- as they can be
proven- without proof
Axioms/hypotheses which are
accepted as they have been proven-
. 3 16,67
as they can be proven- without

proof

Other 1 5,56

Total 18 100

1 50 1 50 2 2857 14 4243 24 3871

- - 1 50 5 7143 7 2121 21  33.87

1 50 - - - - 12 3636 16 25.81

- - - - - - - 1 1.61
2 100 2 100 7 100 33 100 62 100

Constructions by “Proving-Accepting Truth”
Propositions whose truth is
accepted as it has been proven- as it

. 23 56.10
can be proven- without proof
Statements/Knowledge/Problems/Th
ings/Judgements whose truth is 13 3171

accepted as it has been proven- as it
can be proven- without proof
Axioms/hypotheses whose truth is
accepted as it has been proven- asit 5 12.19
can be proven- without proof
Total 41 100

20 6452 25 7353 18 60 13 52.00 99 61.49

11 3548 8 2353 11 36.67 5 20.00 48 29.81

- - 1 2.94 1 3.33 7 28.00 14 870

31 100 34 100 30 100 25 100 161 100

Constructions by “Proving-Accepting Truth or Falsity”

Propositions whose truth or falsity

canbe 5 8333
proven-questioned-known-which is

not certain

Statements/judgements/axioms/hypo

theses whose truth or falsity can be | 16.67

proven-questioned-which is
known-not certain-not known
Total 6 100

1 3333 2 50 3 75.00 8 57.14 19 61.29

2 66.67 2 50 1 25.00 6 42.86 12 39.71

3 100 4 100 4 100 14 100 31 100

3.2.3 Proof

Sub-categories of each category of the student answers to the question “Define proof” and their distribution by years

are shown in Table 6.
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Table 6. Sub-categories of Each Category of the Student Answers to the Question on Proof and Their Distribution by

Years
Sub A 2009-2010 2010-2011 2011-2012 2012-2013 2013-2014 5 years
ub-categories N % n_ % n_ % n__ % N % _n__ %
Constructing with theorem
Ways/methods/operations of showing 1o yo 3y 10 4167 6 30 6 3158 11 2619 52 3562
the truth of a theorem
Ways/methods/operations of showing 01950 ¢ 1667 2 10 1 526 6 1429 25 1712
the truth or falsity of a theorem
Proving the truth of theorems 3 7.32 3 12.50 4 20 4 21.05 11  26.19 25 17.12
Proving the truth or falsity of theorems 2 4.88 2 8.33 1 5 2 10.53 7 16.67 14 9.59
Proving a theorem 6 7.32 2 8,33 2 10 4 2106 4 9.52 18 12.33
Methods of finding theorems and others 1 2.44 1 4.17 5 25 2 10.52 3 7.14 12 8.22
Total 41 100 24 100 20 100 19 100 42 100 146 100
Constructing with proposition
Ways/methods/operations of
finding-showing the truth of a 5 4545 3 50 3 27.27 1 25 2 2857 14 35.90
proposition
Ways/methods/operations of
finding-showing the truth or falsity ofa 4 3637 3 50 7  63.63 2 50 3 42.86 19 48.72
proposition
Proving the truth of a proposition
2 1818 - - 1 9.10 1 25 2 2857 6 15.38
Total 11 100 6 100 11 100 4 100 7 100 39 100
Constructing with axiom
Wayf/methods‘/operatzons of . | 100 i i i i i i | 100 ) 40
proving-showing the truth of an axiom
Ways/methods/(?peratzons 9f showing i i i i | 100 ) 100 i i 3 60
the truth or falsity of an axiom
Total 1 100 - - 1 100 2 100 1 100 5 100
Constructing with hypothesis
Ways/methods/operatz?ns of showing | 100 ) 100 3 75 i i ) 66.7 g 20
the truth of a hypothesis
Ways/methods/?peratzons of Shqw1ng i i i i | 25 i i | 133 ) 20
the truth or falsity of a hypothesis
Total 1 100 2 100 4 100 - - 3 100 10 100

Constructing with Formulae, Expressions, Operations, Problems, Questions, and Equalities

Ways/methods/operations of showing
the truth of an expression, operation,
problem, formula, equality, rule,

judgement, knowledge whose truth has 30 3 50 4  66.67 2 2222 4  26.67 16 34.78

not been proven, and a mathematical

expression

Ways/methods/operations of showing

the truth or falsity of an expression,

operation, problem, formula, equality,

rule, judgement, knowledge whose 3 30 2 33.33 - - 6 66.67 6 40.00 17 36.96

truth has not been proven, and a

mathematical expression

Other 4 40 1 16.67 2 3333 1 3333 5 3333 13 28.26

Total 10 100 6 100 6 100 9 100 15 100 46 100
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As it is seen in Table 6, the students who constructed “proof” with “theorem” did this most (35.62%) by associating
it with “showing the truth of theorems™ and least (%8.22) with “Methods of finding theorems and others”. While the
percentage of associating with “showing the truth of theorems” was 46.34% in the first year, it became 26.19% in the
last year with a significant decline. Although the overall percentages of associating with “showing the truth or falsity
of theorems” and “proving the rightness of theorems” are equal (%17.12) and the percentage of the former decreased
in the first four years and increased in the last, the percentage of the latter constantly increased over years. In
addition, while the percentage of associating with “proving the truth or falsity of theorems” was 4.88% in the first
year, with a great increase, it became 16.67% in the last year. Whereas the percentage of associating with “proving
theorems” constantly increased in the first four years, in the last year, it declined to the mean of the first three years.
The expressions of the students coded 09/81, 10/41, 11/32, 12/19 and 13/101 are introduced below.

09/81. It is proving the truth or falsity of a theorem.

10/41. The combination of all the processes-operations used to show the truth or falsity of theorems is called proof.
11/32. It is a method used to find the truth of a theorem.

12/19. It is a way followed to prove a theorem.

13/101. It is a method used to prove the truth of a theorem.

The students who constructed proof with “proposition” did this by associating it most (48.72%) with “showing the
truth or falsity of proposition” and least with (15.38%) “proving the truth of proposition”. Also, more than one out of
three of the students in this group (35.90%) made their associations with “finding-showing the truth of proposition”.
Of these students, the expressions of those coded 09/67, 11/38 and 13/54 are exemplified below.

09/67. 1t is proving the truth of a proposition.
11/38. It is finding the precise truth or falsity of a proposition.
13/54. Showing the truth or falsity of a given proposition is called proof.

The students who constructed proof with “axiom” and “hypothesis” did this by associating it with either
“proving-finding-showing its truth” or “proving-finding-showing its truth or falsity”. The expressions of the students,
in this group, coded 11/11 and 13/12 are as follows.

11/11. It is a process of proving done to find out whether an axiom is true or false.
13/12. It is finding or proving that an axiom is true.

The students who constructed proof with “formula, expression, operation, problem, question, and equation” did this
by associating it with, with a percentage of 34.78%, “proving-finding-showing its truth” and, with a percentage of
36.9%, with “proving-finding-showing its truth or falsity”. No common mathematical content was found in the
expressions of the other (28.26%) students. The expressions of the students in this group coded 10/4 and 13/17 are
introduced below.

10/4. The activities done in order to show whether a sentence or rule is true or false is called proof.

13/57. 1t is an explanation made for indicating that an equation or statement is true.

4. Conclusion, Discussion and Suggestions

LR INTS

In this section, the findings presented in findings section were discussed under the titles of “proposition”, “theorem”
and “proof”’ and some suggestions on how to teach these concepts were given.

4.1 Proposition

According to the means of five years, most of the students’ constructions of the concept of proposition and content
construction of it match each other. This rate is higher than the one reported in Dane’s study (2008) “Slightly more
than one out of three (34%) of the students defined the concept of proposition right” and reveals a more positive
result in terms of students’ learning the concept of proposition. Emphasis of high school mathematics teaching
programs on conceptual learning can be shown as the reason of this change. This finding may also be attributed to
reflections of the studies started with these researchers in teacher education. While the percentages of constructions
of proposition consistent with the content construction of the concept increased in the first three years, they
decreased in the last two years and, in the last year, became even lower than the percentage of the first year.
Similarly, although the percentages of those who could not construct the concept of proposition in line with the
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content construction are close to each other in the first and last year, they were highest in the second and lowest in
the fourth year. The cause underlying this case may be the possibility of the existence of high schools which do not
put enough emphasis on conceptual learning due to some reasons such as university entrance examinations. This
point is suggested to be researched.

According to the mean of five years, the proposition constructions of more than one out of three of the students do
not match the content construction of the same concept. Some of these students used the conditions that could not
make a sentence a proposition as the mathematical content in their constructions. This finding is in parallel with
Dane’s (2008) finding that “Students have alternative concepts related to proposition and, accordingly, so many
misconceptions”. The reason for this may be not emphasizing that sentences should necessarily have an either true or
false judgement while giving the students samples of propositions. In addition, some of the students who could not
construct proposition in line with the content construction of it, as understood from their expressions, perceived it as
an argument that should necessarily be proven. While this perception may be attributed to external factors such as
introduction of a proposition and an immediate provision of a proof for it in mathematics textbooks or mathematics
teaching process, it may also be attributed to that students may mistake (as in a student’s expression, “/ do not think
proposition is much different from theorem because, in some textbooks, proposition is used for theorem” in Dane’s
study (2008)) the concepts of open proposition (proposition-like form) and proposition for each other. This is also an
important point suggested to study on.

The results of the study in the 2011-2012 and 2012-2013 academic years are far better than the results of other years
in terms of right and false answer percentages. The reason for this can be students’ level depending on the placement
scores in entering university. This is also among the points which are suggested to be studied on.

The increase in the number of the students who gave no answer in the last year is a finding which should be seriously
dealt with.

4.2 Theorem

Nearly half (48.94%) of the students used the mathematical expression “proving-accepting truth” in their
constructions of theorem. The reason for this may be that the definitions given in the introductory part may have
caused them to focus proving “truth”. Thus, some students may have developed a tendency to prove the truth of
“axioms-hypotheses-equation-formula-knowledge-problem-judgement” and perceived them as theorems. This
supports Dane’s (2008) finding “Students have alternative concepts of theorem and, therefore, have many
misconceptions”. This finding supports also Ersoy and Erbag’s (2005) result that “there are some misconceptions
about the concepts of equation and variable”. Although, in the abstract mathematics course at the tertiary level,
whenever a “theorem” is given and a “proof” is provided, a special emphasis was put on “hypothesis and judgement”
and this is highlighted in both written and oral means in students’ practices, the percentage of their use of the
mathematical content “hypothesis and judgement” in their construction of theorem over five years was very low
(6.08%). This result reveals the importance (retention) of previous constructions again. When the previous
constructions which are not consistent with content structure are recognized as true in examinations and reinforced
with marks, retention turns into knowledge conservatism which becomes too difficult to change. For this reason, high
school mathematics teachers and university lecturers who teach such core courses should follow the content structure
while constructing theorems.

4.3 Proof

In constructing the concept of proof, students used the mathematical content theorem most(44.38%).The reason for
this may be the emphasis put on “proof” in some theorem definitions. In this case, Nasibov and Kagar’s suggestion
(2005) ““It is very important to show that each of the conditions in theorems are used in proofs and how it is done”
should be taken into consideration. Some students used the mathematical contents “Formula, Expression, Operation,
Problem, Question, Judgement, and Equation”. Its reason may be teachers’ not using the mathematical language
including the expressions such as “prove the equation” in an appropriate way. This result is in parallel with the
finding of Giiler and Dikici (2012) that “For most of the teachers, the purpose of mathematical proof is the
affirmation of mathematical expressions”. Also, what the students understand from formula, expression, operation,
problem, question, judgement, and equation is suggested to be searched. Some students, on the other hand, used the
mathematical content proposition in their constructions of proof. This may be associated with the introduction of
proposition and then immediately its proof in some mathematics reference books and course-books. These results
support Weber’s (2001) result that “Most of university students have the knowledge which they need to prove a
statement but have difficulties with doing this”.

Published by Sciedu Press 73 ISSN 1925-0746  E-ISSN 1925-0754



http://wje.sciedupress.com World Journal of Education Vol. 5, No. 2; 2015

Here it is understood that the definition “the propositions which are proven to be true are theorems” is not clear
enough. This result is in line with the results of Rasmussen (1998) “the confusion stemming from non-standard and
intuitive concepts”, Tatar and Dikici (2008) “Learning difficulties stemming from the gaps in mathematics teaching
practices”, Giiler and Dikici (2012) “there is a relationship between the differences between the proves the students
were successful or failed in and how well they had learned the concepts related to proof’. The point that the
proposition given and supposed to be proven in this definition is the proposition “as long as the hypothesis is true the
judgement is true”is missed. It should be clarified that this proposition, with this form, is an open proposition and, in
this open proposition, if “a true proposition or an axiom or a proposition whose truth will be shown and is called
Lemma instead of hypothesis, and instead of “consequent” “a proposition” are written, it will be called theorem.

It seems impossible to construct the concepts of theorem and proof before the construction of the concept of
proposition in consistency with its content structure. Also, the difference and relationship between an open
proposition and a proposition should be taught well first and then the difference and relationship between a
conditional proposition and the preposition “=" and finally requirement of one proposition of another and
“necessary and sufficient condition”. Later, the terms hypothesis and result included in the definition of theorem
should be explained and what can be written as hypotheses and what as consequents should be clarified and some
practice should be done. For this purpose, first the theorems available should be used and then students should be
given the opportunity to produce their own theorems. In addition, it can make the task easier to give examples from
daily life suitable to this cycle. After these processes it should be stated that proof refers to that when the proof is true,
the consequent is true as well and each of the methods for doing this should be given with ample exemplification.
Students should be asked to prove the theorems they write and practices or experiences related to the methods they
want to use should be provided.
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