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Abstract 
This note remedies a risk measure, which was proposed by the work of Jan and Wang (2012). They used property of 
martingale to measure idiosyncratic risk, and illustrated that it is better than the measurements of variance and 
semivariance. However, their risk measure can’t distinguish between the assets whose return rising firstly and then 
declining, and the assets whose return declining firstly and then rising. In this note, I propose a remedied method, 
which puts more weight to the recent return’s variation, and demonstrate that the new weighting risk measure is more 
close to the investor risk conception. 
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1. Introduction 

Only systematic risk is priced in the traditional asset pricing model. That is because the idiosyncratic risk can be 
diversified away and therefore should not play any role in the risk premium. However, Merton (1987) states that 
idiosyncratic risk should be priced when investors hold undiversified portfolios. When investors don’t hold the 
diversified portfolios, the investors’ portfolios retain the idiosyncratic risk. As a result, risk premium should be 
compensated for the idiosyncratic risk when investors are risk averter.  

Many studies have discovered that idiosyncratic risk premium can help to explain expected asset return. See, for 
example, the studies of Malkiel and Xu’s (1997), Malkiel and Xu (2003), Goyal and Santa-Clara (2003), Ang, et al. 
(2006), and Eiling (2013). Most measurements of the idiosyncratic risk go to the traditional variance and 
semivariance. Balzer (1995) and Nawrocko (1999) provide reviews of the risk measurement and suggest the use of 
semivariance. However, the calculation of semivariance needs benchmark to compute the downside deviation. 
Different benchmark conceived by different investor would result in different risk measures.  

Jan and Wang (2012) propose an objective benchmark, which is named as martingale variance, to obtain a single 
objective risk measure. They suggest the use of previous return as benchmark instead of mean return to calculate the 
idiosyncratic risk. The use of previous return is based on the property of martingale. Jan, et al. (2013) apply the new 
risk measure to examine whether idiosyncratic risk can play an important role in explaining the expected return in 
Taiwan stock market. They find that idiosyncratic risk has a positive relation to expected returns for stocks with 
smaller beta portfolio. However, the new measure can’t distinguish between the assets whose return rising firstly and 
then declining, and the assets whose return declining firstly and then rising. In this note, I propose a remedied 
method, which puts more weight to the recent return’s variation and demonstrate that the new weighting risk measure 
is more close to the investor risk conception. 

2. Weighted Martingale Variance 

The expectation of next period return is today return by the property of martingale. Therefore, Jan and Wang (2012) 
use previous return as benchmark to measure the martingale variance ( MVAR ). Specifically, it is calculated as 
follows: 
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where tR  denotes an asset return at time t , T  is sample size, and )(E  represents expectation operator. VAR  
and COV  are conventional variance and covariance operators, respectively. We see that the martingale variance is 
computed by the variance minus autocorrelation, and is different from the work of Goyal and Santa-Clara (2003) in 
the second term. Jan and Wang (2012) have provided an example to show the superiority of the martingale variance 
than the traditional variance. The comparison is shown in Appendix A. 

The martingale variance can capture the time series autocorrelation pattern, but can’t distinguish the asset whose 
return are rising, and the return whose return are declining. See also the example presented in Appendix A. The 
problem can be solved by martingale semivariance ( MSAVR ), which can be written as: 
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where ),( Min  is minimum operator. 

The martingale semivariance can be thought as relative semivariance introduced by Balzer (1995). Nevertheless, the 
martingale uses past return as the time-varying return benchmark.  

Jan, et al. (2013) have shown that the superiority of using martingale semivariance in explaining the expected return 
in Taiwan stock market. Nevertheless, the martingale semivariance can’t distinguish between the assets whose return 
rising firstly and then declining, and the assets whose return declining firstly and then rising. Take two fictitious 
assets E and F for example. (Note 1) See Figure 1 as follows. 

 
Figure 1. Two hypothetical assets E and F 

 

We can see that the assets E and F have the same measures of variance ,semivariance, martingale variance, and 
martingale seimivariance. However, most investors would consider the asset E be riskier than the asset F, because the 
return of E is growing and then declining, while the return of F is declining and then growing. The separation of 
these two assets risk measure can be reached by the combination of the martingale semivariance and the use of 

Two hypothetical assets E and F
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weighted average method, which is called weighted martingale semivariance (WMSVAR ). That is. 
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The weighted average method can be adjusted to reflect more closely more recent negative return fluctuations. 
Therefore, more weights are assigned to the most recent data. The calculations of these two assets’ weighted 
martingale semivariance are presented in Figure 2. I set 36T  to calculate the risk measure in the total 58 return 
data. As a result, we have 223658   moving measures of weighted martingale semivariance. Just as shown in 
the Figure 2, we can see that the risk measure of F is larger than those of E at the outset. However, the risk measures 
of F are declining, while those of E are escalating. The weighted martingale semivariance measures of E exceed 
those of F eventually. When the investors care more to the recent return fluctuation, the weighted method would be 
closed to the investors risk measure than other measures. 

 
Figure 2. Weighted martingale semivariance of two hypothetical assets E and F 

 

3. Conclusion 

Idiosyncratic risk has been proved its role in helping to explain expected asset return. However, we can’t get an 
objective idiosyncratic risk measure without a common benchmark. Jan and Wang (2012) provide an objective risk 
measure, which is based on the property of martingale. Nevertheless, their risk measure can’t distinguish between the 
assets whose return rising firstly and then declining, and the assets whose return declining firstly and then rising. In 
this note, I propose a remedied method, which puts more weight to the recent return’s variation, and demonstrate that 
the new weighting risk measure is more close to the investor risk conception. The new risk measure can be applied to 
improve the performance of portfolio selection and evaluation. I leave these for further research. 
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Notes 

Note 1. These two assets’ series return can be found in Appendix B. 

Note 2. Other weighted method can be used instead, such as method of exponential smoothing. 

 

Appendix A 

In this Appendix, I follow the work of Jan and Wang (2012) to illustrate the comparison of some risk measures. 
Firstly, consider two hypothetical assets whose returns (A and B) are shown in Figure A1. We can see that the 
variance and semivariance of A and B are equal. However, most investors would think the asset B riskier than the 
asset A, because the return pattern of B is more volatile than A. The more risk of asset A than asset B can be captured 
by the use of martingale variance. We have seen that the autocorrelation feature has been included in the calculation 
of martingale variance.  

 
Figure A1. Two hypothetical assets A and B 

Two hypothetical assets A and B
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However, the martingale variance may not be an adequate risk measure. Take two fictitious assets C and D for 
example. See Figure A2 as follows.  

 
Figure A2. Two hypothetical assets C and D 

 
The return of asset C is growing, while asset D is declining. As a result, most investors would consider D more risky 
than C. However, the variance, semivariance, and martingale variance of C are the same as those of D. The problem 
in the comparison of this two assets C and D can be distinguished by the use of martingale semivariance. 

 

Appendix B 

The time-series returns of two hypothetical assets E and F are presented as follows. 

E -0.070  -0.065  -0.060  -0.055  -0.050  -0.045 -0.040 -0.035 -0.030 -0.025 -0.020  -0.015  -0.010 -0.005 0

 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045 0.05 0.055 0.06 0.065 0.07  

 0.07 0.065 0.06 0.055 0.05 0.045 0.04 0.035 0.03 0.025 0.02 0.015 0.01 0.005 0

 -0.005 -0.01 -0.015 -0.02 -0.025 -0.03 -0.035 -0.04 -0.045 -0.05 -0.055 -0.06 -0.065 -0.07  

F 0.070  0.065  0.060  0.055  0.050  0.045 0.040 0.035 0.030 0.025 0.020  0.015  0.010 0.005 0 

 -0.005 -0.01 -0.015 -0.02 -0.025 -0.03 -0.035 -0.04 -0.045 -0.05 -0.055 -0.06 -0.065 -0.07  

 -0.07 -0.065 -0.06 -0.055 -0.05 -0.045 -0.04 -0.035 -0.03 -0.025 -0.02 -0.015 -0.01 -0.005 0

 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045 0.05 0.055 0.06 0.065 0.07  

 

Two hypothetical assets C and D
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