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Abstract

Is an autoregressive moving average model for the unobserved forward risk premium component always identifiable?
Is the signal extraction-based approach always feasible? In this paper, we point out a theoretical framework to shed
the light on the statistical problem of model identification. We find out that whenever a model for the unobservable
forward risk premium is unidentifiable, we identify a new class of functions that we call: the noise generating
functions (Hereafter NGF). These functions circumvent the model identification problem and help us make insights
on the noise variances. We demonstrate that a model for the risk premium in the forward exchange rate is not always
identifiable and the signal extraction methodology is not always feasible. In addition, our theoretical statements are
applied to the empirically evidenced models within the related literature.
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1. Introduction

Not only do forward risk premia evoke much debate but also they are central to the theory in/of international finance.
To make insights on modeling the forward risk premium component in the forward exchange rate is sine qua non for
understanding its behavior and predicting it. In addition, the enlightenment of the labyrinthine clues of the forward
premium puzzle (Note 1) makes easier the implementation of adequate policy tools for Central Banks. A huge body
of the empirical literature has been documenting many forward risk premium component modeling approaches. In
fact, continuous time vs discrete time models, linear vs nonlinear models, parametric vs nonparametric models,
observed vs unobserved factor models, and regression-based vs signal extraction-based models have been performed.
Engel (1996) surveyed several techniques of modeling and testing forward risk premium features such that the
consumption capital asset pricing model, the latent variable model and portfolio-balance models. Diko, Lawford and
Limpens (2006) investigated the presence of electricity forward risk premia in a continuous time framework and
using an unobserved factor model. They adopted nonlinear and nonparametric estimation techniques. Bernoth, Von
Hagen and De Vries (2010) performed an unobserved factor model to futures exchange rates. Fama (1984)
implemented a regression-based approach where the forward risk premium is unobserved but it is explained via
observed variables, however Wolff (1987) set up the signal extraction-based approach wherein the forward risk
premium is modeled as an unobserved component. Also Cheung (1993) modeled risk premia in forward exchange
rates as unobservables and pointed out a signal extraction modeling strategy. Bhar and Chiarella (2009) compared the
signal extraction approach in continuous-time settings and discrete-time settings of forward risk premia. Rezessy
(2010) applied three approaches from which the signal extraction approach and made a crosscheck based on them.
Moreover, Cavaglia, Verschoor and Wolff (1994) pointed out, using a survey forecast data, a direct measurement of
the forward risk premium and so it becomes observable. On the other hand, Bidarkota (2004) found out that the
signal plus noise model failed to isolate statistically significant risk premium components from the noise.
Furthermore, Jacobs (1982), Boyer and Adams (1988) and Bekaert and Hodrick (1993) shed the light on the
measurement errors, model misspecifications and errors-in-variables problems whenever the regression-based
approach is carried out. Gospodinov (2009) argued that the widely reported empirical literature of regressing the
future exchange return on the current forward premium evidences several econometric limits that should be
alleviated. In addition, Djeutem (2013) stated that the forward premium puzzle, in a context wherein agents doubt the
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specification of their models, is explained by a model misspecification.

Within the growing body of the empirical literature, when the financial researcher decides to handle with the forward
premium anomaly, he has to choose between modeling the forward risk premium components as observables or
unobservables. The former case is veracious if and only if we observe the conditional expectation of the future spot
exchange rate. Indeed, Nijman, Palm and Wolff (1993) pointed out two conditions that must be satisfied to make the
forward risk premium be an observed component. Once these two conditions are satisfied, the forward risk premium
becomes observable and equals the forward premium. These conditions are: first, the spot exchange rate pursues a
random walk stochastic process (Note 2) then the conditional appreciation/depreciation is equal to zero. Second, the
semi-strong market efficiency (event studies) coincides with the weak-form market efficiency (tests for return
forecastability) (Note 3). It is obvious that the required assumptions to get the forward risk premium observed are
strongly restrictive. Thereby we dismiss this case. When we decide to model the forward exchange risk premium as
unobservable, we have to choose between explaining it via observed variables and directly modeling it as
unobservable. To study the time variation in premia and other features, we can set up either a regression-based
modeling strategy or a signal-extraction modeling strategy. As mentioned by Wolff (1987), the regression-based
approach has shortcomings and depends on the researcher's choice of dependent (endogenous) and independent
(exogenous) variables. This arbitrariness is also dictated by the availability of the underlying data. On the other hand,
the signal extraction-based approach circumvents the problem of arbitrariness of the traders'information set and it
models the risk premium component as a whole, at the expense of identifying an exact econometric model for the
signal. Thus, we alleviate the problem of modeling either the systematic risk or the individual relative risk aversion
as a constant or a time-varying parameter.

The pertaining related literature, which considers the forward risk premium as unobservable, does not precise
whether the hypothesized model for the unobserved forward risk premium component is identifiable or not and does
not analyse the case wherein the model is unidentifiable. Furthermore, the previous empirical literature did not
emphasize the statistical problem of model identification. In this paper, we aim to answer the following questions: Is
an autoregressive moving average (Hereafter ARMA) model for the unobserved forward risk premium component
always identifiable? If not, what are the underlying implications?

The remainder of the paper is organized as follows. Section 2 sets up the signal extraction preliminaries. Section 3
points out general autoregressive (AR) and moving average (MA) order conditions for unobserved stochastic
processes. Section 4 implements a theoretical framework. Section 5 apllies theoretical issues to previously evidenced
models in the literature. Section 6 concludes.

2. The Signal Extraction Preliminaries

The signal extraction methodology emanates from the engineering branch. It consists of writing a model in a
state-space form (SSF) and applying the Kalman Filter (KF). A SSF deals with two equations: a measurement
equation and a transition or state equation. The measurement equation is also called the signal plus noise model. It
involves an observed time-series as a sum of two unobserved components: the signal and the noise. The signal or the
unobserved state variable is deemed as buried in the noisy environment. It is a kind of interference between the
signal and the noise. Thus the former should be extracted from the latter. To do so, a state equation which describes
the signal stochastic process has to be specified and a filtering algorithm has to be run. The KF aims to isolate the
unobservable signal from the unobservable noise. The signal extraction methodology is as follws: (a) to identify an
ARMA model for the observable time-series, (b) to make an assumption on the noise stochastic ARMA process, (c)
to infer an ARMA model for the unobservable signal using Ansley, Spivey and Wrobleski (Hereafter ASW) (1977)'s
summation theorem (Note 4) of moving average processes, (d) to derive a SSF, and (e) to set up the KF.

2.1 The Signal plus Noise Model

Our starting point is the Fama (1984)'s definition of the forward exchange rate: the forward foreign exchange rate at
time t for a delivery at time t+1 is the market determined certainty equivalent (Note 5). Therefore, it is the sum of the
Markowitz forward risk premium, at time t, and the conditional expectation, made at time t, of the future spot
exchange rate at time t+1. It follows:

ft,1,i = Pt,l,i + E(St+1,i/llut) (1)
Where f;,; is the i™ forward exchange rate at time t for a delivery at time t+1, P, is the i"™ one-period
unobservable forward risk premium and E (St+1,i / 'I’t) is the unobservable conditional expectation of the i™ future
spot exchange rate. ¥, is the information set on which we form the conditional expectation. Substracting the realized
future spot exchange rate from both sides of equation (1), we get:

Published by Sciedu Press 120 ISSN 1923-4023 E-ISSN 1923-4031



www.sciedu.ca/ijfr International Journal of Financial Research Vol. 5, No. 3; 2014

feori = Seeri = Peai + E(Sexri/¥e) = Seani ()
Let fi1; — St1: = Yet1,; be the forecast error of using the forward exchange rate as a predictor of the future spot
exchange rate. y.4q; can also be interpreted as the gross return corresponding to selling (buying) forward at time t a
unit of the i foreign currency for a delivery at time t+1 and buying (selling) spot at t+1. Yet1,; 1S observed at time
t+1. Let E (St+1,i / ’I"t) — St41i = &41,; be the forecast error due to information arrivals and market imperfections.
Rewriting equation (2), we get:

Verri = Peai + €41 (3)
Only the left-hand side, of equation (3), is observable at time t+1. Both the forward risk premium, P, ;, and the
forecast error, &.4; , are unobservable but we only observe their sum. It can be easily seen that &..,; is a noise.
P, ,; is the fundamental signal buried in the noise &4, ;. It is ipso facto deduced that equation (3) is the signal plus
noise equation which is also called the measurement equation and it is the cornerstone of the structural form
(Hereafter SF). The signal P.,; is the state variable and it is unobserved. In fact, what we have is an observed
model that is equal to the sum of two unobserved models. Let M, be the observed, i.e. known, model relative to the
observed time series. Let Migna be the unobserved and unknown model for the signal. Let My be the unobserved
and unknown model for the first source of noise. It follows that My= Mgjgna T Mpoise. Knowing the noise model is
empirically sine qua non for the application of the ASW’s moving average summation theorem. Moreover, we will
implement our framework according to ARMA-based modeling.

Assumption 1: ARMA modeling is economically rational in the sense of Feige and Pearce (Note 6).

Assumption 2: (Vey1; = firi — Ser1,) follows a causal-invertible ARMA(p;,q,) model, (Py,;) follows a
causal-invertible ARMA(p,,q,) model, and (5t+1,i) follows a hypothetically known causal-invertible
ARMA(ps, q3) model (Note 7). Common roots are not allowed to exist.

Assumption 3: (Pt,l,i) and (EH_LL-) have uncorrelated moving average structures (Note 8).

According to assumption 2, we get:

By (B)Yes1,i = Oy(B)wesn, )
@p(B)P.1; = Op(B)ay, ®)
Cbg(B)SHLi = Qs(B)Vt+1,i (6)

Where ®(B) and @(B) are polynomials in B, the backward shift operator. (w;41,), (ar;) (Note 9) and (viy1,)
are white noise processes.

2.2 The Model Identification Problem

Equation (4), called also the reduced form (Hereafter RF), is directly estimated given that y,.;; is observable, so
we identify (pi,q,), the AR and/or MA coefficient estimates and the variance estimate of w44, 6(12)‘1-. Equation (6),
given assumption 2, characterizes a white noise stochastic process, i.e. ARMA(0,0). As we have mentioned above,
we will use the ASW’s moving average summation theorem to infer hypothetical models for the signal, P ;. In
addition, the signal extraction via the KF is feasible if a SSF is derived and the latter is pointed out if an ARMA
model for the signal is identifiable. Otherwise, the signal extraction-based approach is infeasible. The question is:
when does a model identification problem arise? The model identification problem arises whenever one of the
following items, at least, is not identified: (a) (p,,q2), (b) AR and/or MA coefficient(s) estimate(s) of the
ARMA(p,, q;) model, and (c) the variance of the first source of noise, 6Z; , and/or the variance of the second
source of noise, 0Z;. We say that there is no identification problem, and therefore the model is identifiable, if and
only if all the items cited above are identifiable. If not, the model identification problem does exist.

An intuitive thought is: how do we circumvent an eventual model identification problem? What should we do
whether it happens? Nijman, Palm and Wolff (1993), in such a case, looked for upper and lower bounds for the
unidentifiable variances aﬁi and aii. However, they considered a special case and did not generalize. We propose
to point out a more general framework wherein we find out more generalized upper and lower bounds.

If we evidence unidentifiable parameters, and so does the model for the unobservable signal, it is obvious that either
an underdetermination or an overdetermination does matter. We will shed the light on those cases and their
implications.

3. General AR and MA Order Conditions for Unobserved Stochastic Processes

In this section, we will set up the general AR and MA order conditions for the unobserved model for the signal. In
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fact, we will answer the following question: knowing the stochastic process of the observable time series of the
realized forecasting error of using the forward exchange rate as a predictor of the future spot exchange rate, i.e.
(p1,q1) is known, what conditions should the signal AR and MA orders, (p,, q,), verify?.

Proposition 1: Under assumptions 2 and 3 and using the ASW’s moving average summation theorem, we get
(P2,92) suchthat: p; = p, and g, < Max(q,,p,).

Proof: See Appendix 1.

Corollary 1: @,(B) = @p(B)

Proof: See Appendix 1.

Proposition 1 states the conditions that the hypothetical models for the unobserved forward risk premium must
satisfy. Let H be the set of inferred hypothetical models for the signal, we have: H = {ARMA(p,, q,)/p1 = p, and
q1 < Max(q,,p,)}. Obviously, the cardinality of H is greater or equal to one. Let M*, be the identifiable
ARMA(p3, q5) model for the signal. What are the existence conditions of M*p? And if it does exist, is it unique? If
the existence conditions are unsatisfied, what are the implications?

An identifiable model does not mean a true model. The reader should keep in mind that the identification and the
veracity of the model for the unobservable forward risk premium do not match. The identification is sine qua non for
the implementation of the KF, however the true model may be unidentifiable. Thus, the class of unidentifiable
models for the unobserved signal is our main topic and we will focus on it.

4. ARMA(p;,q,) for the Observed Time Series and a White Noise Forecast Error

For the observed time series, (ytH,i = fr1i —SHLL-), an ARMA(p,,q,) is unique. The estimated equation (4)
points out the RF, while the equation (3) and the explicitely hypothesized model, via the ASW’s theorem, for the
unobserved forward risk premium component point out the SF. Given the uniqueness of the ARMA(pi,q,)
representation, the RF and SF associated to the observed time series, (yt+1_i), generate equal variances and k-order
autocovariances. Let yopr = E (ytzﬂ‘i) be the variance of y.,;; from the RF and let yoor = E (yfﬂ,l-) be the
variance of y.,q; from the SF. Let yypr = E (ytﬂ‘l-yt“_k,i) be the k-order autocovariance from the RF and let
Yisr = E (yt+1_iyt+1_k,i) be the k-order autocovariance from the SF (Note 10). It follows yj rr = Visr for all
0 <k < Max(p4,q,). Therefore, we get Max(p1,q,) + 1 linearly independent equations (Note 11). On the other
hand, it can be easily seen that the only unknown polynomial is @p(B) which consists of g, MA coefficients.
Straightforwardly, we deduce that we get g, + 2 unknowns to identify: g, MA coefficients and the noise variances,
o2 and o2

Proposition 2: M*p 3 if and only if M*s € H and q3 = Max(py,q,) — 1.
Proof: See Appendix 2.

Proposition 2 points out both the identification conditions and the uniqueness of M*, whenever these conditions hold.
Otherwise, a model for the unobservable forward risk premium component is unidentifiable and we deal with either
an underdetermination or an overdetermination. The model identification problem takes place whenever the
well-known order condition is dissatisfied, i.e. the number of equations and the number of unknowns are unequal.

Proposition 3: If Mp € H and q, # Max(p;,q,) — 1 then we get, under appropriate conditions, the following two
sub-cases: (a) q, > Max(p;,q,) — 1 so infinitely many solutions, and (b) g, < Max(p;,q;) — 1 so no solutions.

Proof: See Appendix 3.

The proposition 3-b reflect an overdetermined system of equations, while proposition 3-a reflects an
underdetermination on which we will focus. In fact, according to linear algebra, we can express in such a case of
underdetermination, under given conditions, some variables as functions of the remaining ones. In our case, we will
try to express noise variances, asi and O'ii, as functions of the MA coefficients of the polynomial @,(B). We will
call those functions: the NGF. To do so is equivalent to finding out a relationship between the state of the exchange
market noise trading, represented by the NGF, and the unknown MA signal coefficients. Moreover, the NGF will let
us make inferences about the signal-to-noise ratio, i.e. the variance of the signal divided by the variance of the noise.
The model identification problem lets us deal with hypothetical models for the forward risk premium, Mp, which
belong to a subset of H, Hygr, such that Hygr = {ARMA(p,, q2)/p1 = p, and q; < Max(q,,p,) and q, >
Max(py,q,) — 1}. If Mp € Hygr, it gives rise to NGF.

The moral of the story is whenever a model for the unobserved forward risk premium is unidentifiable and the
proposition 3-a holds, we identify the so-called NGF. The latter must: (a) be positive, (b) converge, (c) be upwardly
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and downwardly bounded, and (d) be a bijective function.

Empirically, the observed time series, (J’t+1,i =Peqit v = feni —SHLL-), can evidence an ARMA(p; =
1,q, = 1) orapure MA(q; = 1) or a pure AR(p; = 1). It is pedagogically convenient to deal with the last two
cases separately.

4.1 The Case of a MA(q, = 1) for the Observed Time Series and a White Noise Forecast Error

Proposition 4: If (yt+1,i =fi1i— St+1,i) follows an invertible MA(q, = 1) stochastic process and (5t+1,i)
follows a white noise stochastic process then (Pt,l,i) follows a hypothetically invertible MA(q, = q4).

Proof: See Appendix 4.

Ipso facto, we deduce that M*p does not exist because we always get a number of unknowns greater than the number
of equations, i.e. an underdetermined system of equations. Consequently, we have solely hypothetical models for the
unobservable signal which belong to H ngp. Neither the identifiable model nor the models causing an
overdetermination exist. We can express the proposition 4 in the following table below. We easily show that
whenever the observed time series follows an ARMA(p,; = 1,q; = 1) such that p; < g4, the identifiable model
does not exist too.

Table 1. The existence of M*p and NGF

Observed Model Hypothetical M*p NGF Overdetermination
Models
MA(q; = 1) MA(q, = q,) Does not exist Does exist Does not exist

In this case, the SSF is underived, and so does the KF. Therefore, Wolff (1987)'s estimation of the MA(1) model is
mathematically infeasible and is only a filtering approximation. As shown in Table 1 above, whenever the observed
time series follows a pure moving average process, the signal extraction-based approach is infeasible.

4.2 The Case of an AR(p; = 1) for the Observed Time Series and a White Noise Forecast Error

Proposition 5: If (Yt+1,i) follows a causal AR(p; = 1) stochastic process and (SH_LL-) follows a white noise
stochastic process then (Pm,i) follows a hypothetically causal-invertible ARMA(p; = 1,q, = 0).

Proof: See Appendix 5.
Table 2. The existence of M*p and NGF

p;=1 p; =2 p1 =3
2=p1—1 g,=0 soM*; 3 g, =1 soM*p 3 q; =p1—1 soM*p 3
42>p1—1 q,>0soM* A andNGF 3 g, >1 soM*, 2 and NGF 3 g, >p; —1 soM*, # and
NGF 3
2<p1—1 g, <0 absurd q, < 1= q, =0 soneither g, <p1—1 so p; —1 cases
M#*p nor NGF we get neither M*p nor NGF

As shown in Table 2 above, whenever our aim is to apply the signal estraction-based approach, we have to
hypothesize a model for the signal satisfying q, = p; — 1. Whenever we aim to point out the corresponding NGF,
we undertake a hypothetical model for the signal verifying q, > p; — 1 as our object of study.

5. Empirical Issues
5.1 Methodology

Our methodology consists of three steps: (a) we consider the observed time series (Vey1; = fe1i — Se+1i)»
documented in the empirical literature, (b) we infer H, and (c) we point out the eventual M*p, the eventual Hygp
and whether the overdetermination case exists or not.

We emphasize the study of the observed time series models which are reported in the empirical literature. Reviewing
the empirically huge body of the related literature, we carry out the following recap in Table 3 below.
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Table 3. Observable models in the related literature

Author(s) Observable model for (y¢yq; = The model for the forecast error
feai = Ste1)
Wolff (1987) ARMA(1,1), AR(1), and MA(1) White noise
Cheung (1993) ARMA(p1,q,), AR(p,), and MA(q,); White noise
P1,q1 =12

Nijman, Palm, and Wolff (1993) ARMA(1,1) White noise
Wolff (2000) ARMA(1,1) and MA(1). White noise
Bidarkota (2004) ARMA(1,1) and AR(1) White noise

Rezessy (2010) ARMA(1,2) MA(2)

Based on the underlying recapitulation above, we focus on each case and point out the corresponding NGF.
Obviously, the cardinality of Hygr is greater than or equal to one. Thus, we will focus only on one model, for each
case, leading to an underdetermination.

5.2 The NGFand Their Implications

For each previously cited empirical model, we highlight its corresponding NGF. The following Table 4 reports all
observed models mentioned in Table 3 and gives for each one H, M*p, Hygr, and hypothetical model(s) causing
overdetermination.

Table 4. Observable models and their corresponding Hygr

Observable H: The set of hypothetical models M*p: The Hygr: The set of Hypothetical
model for for the signal identifiable hypothetical models for ~ Model causing
V1, = model for the the signal giving rise to ~ overdetermina

feai — St+1i) signal NGF tion

ARMA(L1)  {ARMA(1,q,)/1 < Max(q,, 1)} AR(D) {ARMA(1,4,)/q, = 1) A

ARMA(1,2)  {ARMA(1,q;)/2 < Max(qz, 1)} : {ARMA(1,q2)/q; = 2} A

ARMA(2,1) {ARMA(2,q,)/1 < Max(q,,2)}  ARMA(2,1) {ARMA(2,q,)/q, = 2} AR(2)

ARMA(2,2) {ARMA(2,q,)/2 < Max(q,,2)}  ARMA(2,1) {ARMA(2,q,)/q, = 2} AR(2)

AR(D) {ARMA(1,q;)/0 < Max(q,, 1)} AR(1) {ARMA(1,q2)/q;, = 1} A
AR(2) {ARMA(2,q,)/0 < Max(q5,2)} ~ ARMAQ21)  {ARMA(2,4,)/q, > 2} AR(2)
MA(1) {MA(q2)/1 < Max(qz,0)} A {MA(q2)/q, = 1} A
MA(2) {MA(q,)/2 < Max(qz,0)} A {MA(q2)/q, = 2} A

We will concentrate on three categories of ARMA models: mixed ARMA processes, pure AR processes, and pure
MA processes for the observable time series, (V¢y1; = fr1: — Se+1,i)- From each category, we will deal with two
models. The rationale behind this choice is that each category will deal with two models leading to two systems of
equations: a system with two equations and three unknowns and a system with three equations and four unknowns.
Moreover, our choice encompasses the most evidenced models for the observed time series.

5.2.1 ARMA(1,1) as an Observable Model and ARMA(1,1) as a Hypothetical Model for the Signal
Ves1i = fr1i — St+1,) follows an observable ARMA(1,1) model then we get the following RF:

(1= y,B)yesri = (1= 6,,;B)wesr; (Note 12) (7
The forward risk premium hypothetically follows an ARMA(1,1) model then we obtain the following SF:
(1= ¢yiB)yesri = (1= 0piB)ag; + (1 = ¢yiB)ersy (®)

Now we calculate the unconditional variance and the first-order autocovariance for both the RF and SF and we get
the following system of two equations and three unknowns:

System: Yo,sF = Yo,rF

Y1,sF = Y1,RrF
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System: (05 = 2¢y,0p,; + D)oz, + (1= ¢ )02 = (65 — 20,6, + 1)65, ©)
eP,iO-c%,i + ¢y.iasz - gylo- (10)

The system above can be rewritten in a matrix form. We have:
Xop - Znr = 14 (11)

Where Xy, isa2x2 matrix, Jygp is the 2x1 NGF vector, and V is a known 2x1 vector such that:
el%,i - Zéy.ieP.i +1 1- $}le gc%,i -~ ]71 (é 2¢y1 yl + 1) Oy,
XePi = -~ H ZNGF = 2 andV = ~ = A .
' 9P,i d)y,i Ogi VZ ey LO-

Pointing out the corresponding NGF is equivalent to solving equation (11) in Xygr. In fact, the eventual solution
depends on the invertibility of the matrix Xg,, and the conditions, mentioned in section 4, the NGF have to satisfy.

Proposition 6: V8p; € Dg,; = Dyet6,; Y Doy ;i Daetop; =] — 1, (f)y_i[u]q.';y_i, 1[ and Dpp,, =] — 1, le[u]By o1
We have: det(XgP‘i) = d@yi(ep_i) = $yi0%; — (1+ P2,)0p; + Py; # 0 then we get:

O'g,i(GP,i) = % \
-1 B ¢y,i(9P'i)
Zver(0p;) = XopV = e ( )|
02 (6p,) = 03—

R dd,yl(epl)

Where hy, (6p:) = 0y,65, — (1+8y,)0p,; +6,; and A=V, + (47, — 1)V.

Proof: See Appendix 6.

Proposition 7: Given that 0-02",:(913,,:) and O-gzyi(epli) have to be positive, we have:

7-1: =1<8,; <$y; <0 and 6p; € D, =] = 1,0,,[.

7-2: 1< ¢y; <0y, <0 or ~1<¢,; <0<8y; <1 and Op; € Dy,, =10, 1.

7-3: 0<0y; <py;<lor —1<6,;<0<¢,; <1 and 6p; € Dg,, =] —1,0,,[.

7-4: 0< ¢>y1 < Hyl <1 and 6p; € Dy, —]Gyu [

Proof: See Appendix 7.

Proposition 8: The NGF converge and they are upwardly and downwardly bounded such that:

8-1: VA > 0 we have Op; €] -1, 9 [ and we get the following upper and lower bounds:

0 < 02(6y,) < 82 (i*") [0+ (2, — DB+ by) < 02,(60,) < 62

8-2: VA < 0 we have Op.i €10 ,,i» 1[ and we get the following upper and lower bounds:

0< ng(ePl) < 0'(‘” ( ) [(pylVl + ((pyl 1)V2](1 - qsy,i)_z < O-g,i(eP,i) < 6{51

1- ¢y1
Proof: See Appendix 8.

Empirically, the NGF will differ from a sample to another given that for each sample we get different values of the
parameters (f)y‘l-, éy‘l- and 6'2,‘1-. Although the NGF differ from a sample to another, they have to get the same
fundamental characteristics as positiveness, convergence and bijection. In fact, the convergence of the NGF is a sine
qua non condition for the forward foreign exchange market partial equilibrium. Namely, if the first source of noise,
0'82‘1-(9,:‘1-), is infinite, the demand as well as the supply function will be null and therefore the market mechanism will
be truncated. Side by side, if the second source of noise, acf,i(ﬁpli), does not converge, the variance of the forward
risk premium component will consequently diverge, and so does the variance of the demand as well as the variance
of the supply. In spite the unidentified noise variances, we have identified upper and lower bounds that do not depend
on the unknown parameter 6p;, We have identified boudaries in a general ARMA(1,1) framework and the NGF
converge for all 6p; € Dy, and therefore the unconditional unobserved forward risk premium variance, op l(BP 1)
as well as the uncond1t10na1 observed variance will converge. Furthermore, the noise variances are of opposite
variation. A plausible question arises from the fact that the NGF covary in opposite directions: how do the signal
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variance and the first source of noise variance covary? It is easily shown that they negatively covary. From an
empirical point of view, if one is willing to vary the unknown MA coefficient 6p; in order to minimize the signal
variance, he should take into account that the noise variance, aﬁi(ep_i), will rise and vice versa. Indeed, the signal
variance and the second source of noise variance, ag_i(ep_i), covary in the same direction with respect to the
unknown MA coefficient 8p;. It is essential to focus on the signal-to-noise ratio, the signal variance over the first
source of noise variance, and to deepen insights on. In fact, if the underlying ratio is greater than one then more (less)
than half of the time variation in forward exchange rates is explained by the time variation in forward risk premia
components (by the time variation in noise). Otherwise, less (more) than half of the time variation in forward
exchange rates is explained by the time variation in forward risk premia components (by the time variation in noise).
The signal-to-noise ratio is of most importance within the signal extraction analysis. It sheds the light on the
explanation of the time variation in the context of a signal plus noise model. This can be helpful when one is willing
to simulate the unknown MA coefficient 6p;. Another important ratio in the signal extraction-based approach is the
second source of noise variance over the signal variance. It conveys us the information whether the time variation in
the signal emanates essentially from the random components or not. In fact, if the ratio is greater than one half then
more than half of the time variation in the signal is of a random nature. Otherwise, more than or exactly half of the
time variation in the forward risk premia components emanates essentially from the systematic components.

Proposition 9:

9-1: VOp; E](ﬁy‘i - (1 - (;532/‘1‘)1/2’ (jA)y,i + (1 - $;,i)1/2 [, we get a ratio greater than .5.
~ 3 \1/2 2 ~5 \1/2 .
9-2: VOp; €]y — (1 - ¢y,i) Pyt (1 - (,by,l-) [, we get a ratio less than one .5.

9-3: VOp; = ¢, — (1 — (ﬁ;‘i)l/z or Op; =y +(1— (]Sf,‘i)l/z, we get a ratio equal to .5.

Proof: See Appendix 9.

Then we can base simulations on values taken by this ratio with respect to 1/2. The simulations could be based upon
prior informations concerning either the coefficient &p; or the state of noise trading (agz_iail-).
5.2.2 ARMA(2,2) as an Observable Model and ARMA(2,2) as a Hypothetical Model for the Signal

Ves1i = fr1i — St+1,) follows an observable ARMA(2,2) model then we get the following RF:

(1 - (ﬁl,y,iB - éz,y,iBz)yt+1,i = (1 - §1,y,iB - éz,y,iBz)wt+1,i (12)
The forward risk premium hypothetically follows an ARMA(2,2) model then we obtain the following SF:
(1 - J’Ly,iB - $2,y,iBZ)yt+1,i = (1 —01pB — 92,P,iBZ)at,i + (1 - $1,y,iB - $Z,y,iBz)gt+1,i (13)

Now we calculate the unconditional variance, the first-order and second-order autocovariances for both the RF and
SF and we get the following system of three equations and four unknowns:

System: Yo,sF = Yo,rRF
Y1,sF = Y1,rF

Y2,sF = V2,rF

System: 9$1Iy_i;$2,y_i(91,13,i' 92,P,i)(7¢f,i + (1 - éiy,i - qa%,y,i)o-gz,i = AAf),i (14)
j&al_y,i;@z_y,i(gLP,i: 92,P.i)0-5,i - ¢1,y,i¢2,y,iagz,i = B6£,i (15)
l<751,y,i:<75z,y,i (HI,P,if 92,P,i)0-¢§,i = C@i,i (16)

Where:

g$1,y,i;$2,y,i(91,m, 02,p,:) = (O1,pi — (ﬁl,y,i)z + (625 — ¢A’z,y,i)2 +2G14,02pi(01p; — Pry,) + (1 - B7yi = D3 yi)

j&)l'y'i;a)z'y,i(gl,P,i' 92,P,i) = (91,P,i - @1,y,i)[$1,y,i91,[’,i + 92,P,i(1 + $f,y,i + J’z,y,i) - 1] + $1,y,i92,P,i(92,P,i -
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$2y,1) — 2,010, 5 l$1,y_i;$2,y_i (01,p102p5) = [B13,i(O1pi = Pry,i) + (02,00 — P2y, )|[B2,i02,p1 + Pry,i61pi +
}3,,i02pi — 1)+ (01p; = P1y,0)( B2y, 0105 + PryiPryibapi) » A= 98,552y, (01pi = 01,1025 = Ozy1)

B =j$1,y,i;$2,y’i(91p,i =0,4,0,p; =0,,,;),and C = labl,y’i;@Z’y’i(el,P,i =01y 02pi = 02y,).

The system of equations (14), (15), and (16) can be rewritten as follows:
System: gal_y,i;@_y,i(eLP,i, 02p:)00: + (1 — @3, — ¢3,:)02 = A6}, (17)
U@Ly,i;ﬁz‘y,i(elﬂi: O2p) + (s By (015,00 02p.0)102; = Pryibay 0l = (B + C)65,; (18)
The system of equations (17) and (18) can be rewritten in a matrix form. We have:

Xel_p_i,ezlpli-ZNcF =V (19)
Where Xp, ,.0,p,; 182 2x2 matrix, Zygr is the 2x1 NGF vector, and V' is a known 2x1 vector such that:
ga)l'y'i;(?)z'y'i(gl,P,i: 92,P,i) (1 - ¢%,y,i - ¢§y1) (O',fjl-) i
01piP2pi — | . 2 > ) “NGF = an
VPP By ibay Opi 02p0) F g, 3, (0160 02p,) ~P1yiP2y. 2

_(W\_( Ad
%) \B+06az,)

Pointing out the corresponding NGF is equivalent to solving equation (19) in Xygr. In fact, the eventual solution
depends on the invertibility of the matrix Xg, ,.g,,, and the conditions the NGF have to satisfy.

Proposition 10: Vdet(Xel,P,i'ez,P,i) = d%y,i@z'yi(em, 2p:) % 0, X0, p16,p; is nonsingular and NGF 3, we get :
Encr(O1p02p;) = Xe_ll,P,iJGZ,P,i' V=
~[401,y,82,y,+B+0)(1-82 ,, -~ 3,1 [52

d$1’y'i;$2,y'i(91,P,i'92,P,i)

2 _
o-a,i(gl,P,i: 92,P,i) =

Al i~ ~ . . A ~ . . B g- _ . Vg2 .
) [ A<]¢1,y,i;¢2.y,i(9l'P'L'GZ'P'l)+l¢1_y,ii¢2,y,i(9l'P'hgz'P'l)>+(B+C)g¢1,y,i;¢2,y,i(el‘P'l‘GZ'P’L) O-w,l
Jg,i(el.P,ilez,P,i) = d; = (Orpibopy)

P1,y,iPay,\ LPVT2PL

Proof: See Appendix 10.

The NGF have to be positive because they are variances. Thus it follows that the domain on which we define our
NGF is the following:

Dngr = {(61,p02p,;) €] — L1[X] — 1'1[/‘1&1‘},_1-;&20,_1-(91,P,i' 0,p:) #0 and  —[Adyyidry +(B+C)(1-

(f):%,y,i - $§,y,i)]’ [_A (j(?)l'y'i;(?)z’y'i(gl,P,i' 92,P,i) + l$1,y_i;$2,y_i(91,P,i: 92,P,i)) +(B+ Cﬁ)g$1_y’i;$2_y,i(91p,i: 92,P,i)] and
Z(ﬁl’y'i;@’y'i(BLp‘i, 92,P,i) have the same sign}.

In addition, we easily show that the noise variances are upwardly bounded and the upper bounds are the maxima of
the corresponding functions (Note 13). Furthermore, whenever we deal with an underdetermined system of equations,
involving more than two equations, we reduce it to an equivalent system dealing with two equations as done above.

5.2.3 AR(1) as an Observable Model and ARMA(1,1) as a Hypothetical Model for the Signal
Ves1i = fr1i — St+1,) follows an observable AR(1) model then we get the following RF:

(1 - (ﬁy,iB)yt+1,i = Wt41, (20)
The forward risk premium hypothetically follows an ARMA(1,1) model then we obtain the following SF:
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(1= ¢y,iB)yerri = (1= 0piB)ag; + (1 = by iB)ersa, 21
Now we calculate the unconditional variance and the first-order autocovariance for both the RF and SF and we get
the following system of two equations and three unknowns:

System: Yo,sF = Vo,rF
Y1,5F = Y1,RF
System: (63;—2¢yi0p; + 1)oz; + (1 — P2,)a2 = 62, (22)
(B3 = 0p)(1 = y,i0p1) 08 = 65,60, (23)
The system above can be rewritten in a matrix form. We have:
Xop - Znar = v (24)

Where Xg,, isa2x2 matrix, Jygp is the 2x1 NGF vector, and V is a known 2x1 vector such that:

02 — 2y 0p; + 1 1-¢32, 0l 7 62,
XGPi = -~ -~ H ZNGF = and V X A2 .
' (¢y,i - HP,i)(l - d)y,igP,i) 0 Uet VZ ¢y,iaw,i

Pointing out the corresponding NGF is equivalent to solving equation (24) in Xygr. In fact, the eventual solution
depends on the invertibility of the matrix Xg,, and the conditions the NGF have to satisfy.

Proposition 11: V6p; €] — L1[\{¢,,}, Xg,, is nonsingular and NGF 3, we get Iner(6p1) = Xg, .V
~ ~ ~ -1
02:(0pi) = Byl (Dyi — 0p:)(1 = by,i0p:)] 62,

I ~ - by,i(6 i by,i0 i :
oalon) = [[(% =00~ b~ [ e ;;)lem)H

InGr (HP,i) =

Proof: See Appendix 11.

The domain on which we define our NGF is the following:

Dyer = {0p; €] — LIy, 3/ Py i[(Hy: — 05:) (1 — qay,igP,i)]_l >0 and [(¢y;—6p)(1— flsy,iep,i)]_l -

by,i(68,=2¢y,0p,+1)
(1-82 ;)(By,i~0p,1) (1-y,i8p,)

03.

The same reasoning, as in section 5.2.1, is applied for the positiveness of the NGF, the convergence, the
determination of upper and lower bounds and the significantly useful signal-to-noise ratios.

5.2.4 AR(2) asan Observable Model and ARMA(2,2) as a Hypothetical Model for the Signal
Ve+1,i = fe1,i — Se41,i) follows an observable AR(2) model then we get the following RF:

(1 - J’I,y,iB - $Z,y,iBz)yt+1,i = Wit (25)
The forward risk premium hypothetically follows an ARMA(2,2) model then we obtain the following SF:
(1 - <131,y,iB - $2,y,iBz)yt+1,i = (1 = 61p:B— 92,P,i32)at,i + (1 - ¢31,y,iB - $2,y,iBz)Et+1,i (26)

Now we calculate the unconditional variance, the first-order and second-order autocovariances for both the RF and
SF and we get the following system of three equations and four unknowns:

System: Yo,sF = Yo,RrF
Y1,sF = Y1,rRF

Y2,sF = V2,RrF

System: 27)

¢1y1¢2y1( 1P1'92P1)0-al+(1 ¢1yl ¢2yt) 2)1

o . (28)
2 2 _ ~2
ya’Ly.iiﬁT’z.y,i(el'P:i’ HZ'P'i)aa.i = P1y,ib2,,i0: = P1yi00,
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- ~ (29)
2 _ 2 A2
Z<$1.y.ii<7>z.y.i(91'P'i’ gz_p_i)aa‘i - (d)lr%i + ¢2.Y.i)aw.i

Where x$1,y'i;$2,y,i(91,m, 02p:) = [1 + 075+ 055 = 2[B1yi01p; + P2yibrpi + Pryi02pi(Pryi — 91,p,i)]] ,

ya’Ly,iia’z,y,i(gl.P.i' GZ,P,i) =
[(‘lgl.y,i - 91,P,i)[1 — P1y,i01p — 02,6, (1 + $iy,i + (52,y,i)] — $ayiO1pi — $1.y.i92,P,i((I§z,y,i _ 92,P,i)] ’ and

Z$1,y,ii$z,y,i(61,1’.i' HZ,P,i) =
[(@1,3/,1' —01p,)(Pryi = PoyiO1pi — Pry,iP2y,i02pi) + (Poyi = O2pi) —

(B1y,iO1p,i + B2y iO2pi + P1yi02p0) [Pryi(Pryi — O1pi) + (P — 92,P,i)]]~

The system of equations (27), (28), and (29) can be rewritten as follows:
System: x(ﬁlly'i;(}z’y'i(gl,P,i' 92,P,i)0§,i + (1 - éiy,i - é%,y,i)o-gz,i = 6(‘2),1' (30)

[}’al_y,i;az_},’i(GLP,i' 92,P,i) + Z$1_y‘i;$2_y‘i(91,1>,i' 92,P,i)]“§,i - ¢1,y,i¢2,y,igez,i

= (Pryi+ iy + b2.)02, (31)
The system of equations (30) and (31) can be rewritten in a matrix form. We have:
Xﬂl'p'i,Bz’P’i'ZNGF =V (32)
Where Xy, ,.6,p; 152a2x2 matrix, Zygp is the 2x1 NGF vector, and V is a known 2x1 vector such that:
72 72
B XP1y,5®2.y, (01,P,i: 92,P,i) (1 — iy~ ¢2,y,i) R 02, 47
01,p,i.02p,i — _ _ 0. 00 R R 0o O i 7 } “4NGF = 2 an
Y¢1'y_i;¢2'y_i( 1,P,ir 2,P,l) + Z¢1,y_i;¢2,y_i( 1,P,ir 2,P,1) 1,y,iP2y, &

() (s st )
Vs (¢’1,y,i + iyt $2y:)82;
Pointing out the corresponding NGF is equivalent to solving equation (32) in Xygg. In fact, the eventual solution

depends on the invertibility of the matrix Xg,, and the conditions the NGF have to satisfy.
Proposition 12: Vdet(Xglpi’gzpi) = d{ﬁlyi;észyi(el‘p'i, 92,p‘l~) #0, Xo,,,0,p; 1snonsingular and NGF 3, we get:

_ y-1 _
Iner(Orpi O2p1) = Xo1pi0spirV =

92i(01,p,,02,p) = P12yt (1782 5,-85y.0) (Bryi+ By, i+ B2y.1)[00

(91,P,i:92,P.i)

d- N
P1,y,iP2,y,i

[_y<7>1 by i(91,p,ir9z,P,i)-Za,1y’i;a,z y,i(el.P,irgz,P,i)"'x@l ibay l.(91,P,ir92,P,i)(&1,y,i+a>iy,i+$2,y,i)]azj_i

2
O¢i (91,P,i: 92,P,i) =

d$1,y,ii$2,y,i (91,P,i'92,P,i)

Proof: See Appendix 12.

The NGF have to be positive because they are variances. Thus it follows that the domain on which we define our
NGEF is the following:

Dygr = {(61p,1)02,p) €] — L1[X] — 1,1[/d$1y'i;3,2,yi(el,p,i,92_,,,1-) #0 and  02;(01p:,0,p;) >0  and

02i(01pi,02p:) > 0}.

In addition, we can easily show that the noise variances are upwardly bounded and the upper bounds are the maxima
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of the corresponding functions. Furthermore, whenever we deal with an underdetermined system of equations,
involving more than two equations, we reduce it to an equivalent system dealing with two equations as done above.

5.2.5 MA(1) as an Observable Model and MA(1) as a Hypothetical Model for the Signal
Ve+1i = fe1i — Se41,i) follows an observable MA(1) model then we get the following RF:

Versi = (1= 0,,B)wpyq, (33)
The forward risk premium hypothetically follows a MA(1) model then we obtain the following SF:
YVe+1,i = (1 - eP,iB)at,i + &4 (34)

Now we calculate the unconditional variance and the first-order autocovariance for both the RF and SF and we get
the following system of two equations and three unknowns:

System: Yo,sF = Yo,rF

Y1,sF = Y1,rRF

System: (1+63,)02 +02 =(1+62,)82, (35)
Opi0s; = 0,65, (36)

The system above can be rewritten in a matrix form. We have:
X@p’i'ZNGF = ‘7 (37)

Where Xy, isa2x2 matrix, Jygr is the 2x1 NGF vector, and V is a known 2x1 vector such that:

1+ 62, 1) (02> <V1> ((1+9 )56 )
X, = ' i Znor = and V =
O ( 0p;  0) TN T \a? 7, 0,62,

Pointing out the corresponding NGF is equivalent to solving equation (37) in Xygg. In fact, the eventual solution
depends on the invertibility of the matrix Xg,, and the conditions the NGF have to satisfy.

Proposition 13: V6p; €] — 1,1[\{0}, Xy, is nonsingular and NGF 3, we get:

L al(ep l) - 0 1 GPl
2 0pi) =Xg,..V = ) J ’
wer (0p,1) Op,i ng,i(gp,i) = [1 + 9y,i -0, (Hgm)] G

Op,i

Proof: See Appendix 13.
The domain on which we define our NGF is the following:

Dcr = (6, €] — LI\{0}/8,:62 65} > 0 and [1 +02,-0, (1;91”’)] > 0},

The same reasoning, as in section 5.2.1, is applied for the positiveness of the NGF, the convergence, the
determination of upper and lower bounds and the significantly useful signal-to-noise ratios.
5.2.6 MA(2) as an Observable Model and MA(2) as a Hypothetical Model for the Signal

Ve+1i = fe1i — Se41,i) follows an observable MA(2) model then we get the following RF:

Ves1,i = (1 - 91,y,iB - 92,y,i32)wt+1,i (38)
The forward risk premium hypothetically follows a MA(2) model then we obtain the following SF:
Vesi = (1= 01p;B — 0pB?)as; + €41, (39)

Now we calculate the unconditional variance, the first-order and second-order autocovariances for both the RF and
SF and we get the following system of three equations and four unknowns:

System: Yo,sF = Yo,rF
Y1,sF = Y1,rRF

Y2,sF = V2,RF
System: (1 + gf,P,i + 922‘13’1')0'(12’1' + O'gz‘i = (1 + éf,y,i + 922,}1,1')6-(3‘,1: (40)
91,P,i(1 - 92,P,i)0'§,i = 91,y,i(1 - 92,y,i)5'£,i 41)

Published by Sciedu Press 130 ISSN 1923-4023 E-ISSN 1923-4031



www.sciedu.ca/ijfr International Journal of Financial Research Vol. 5, No. 3; 2014

92,P,i‘7§,i = 92,y,i&£,i (42)
The system of equations (40), (41), and (42) can be rewritten as follows:
System: (1+ 62, +62p,)02, +02 =(1+0%,,+62,,)82; (43)
[61pi(1 = 62p0) + O2p5]02; = [014,:(1 = 85y,) + 6,162, (44)
The system of equations (43) and (44) can be rewritten in a matrix form. We get:
Xel_p_i,ezlpli-ZNcF =V (45)
Where Xy, ,.6,p; 18@2x2 matrix, Zygp is the 2x1 NGF vector, and V' is a known 2x1 vector such that:
1+68p; +03p, 1 e A (1+67,,+63,,)85,
X0, pi02pi = 0 P 2nar =\ gz JandV =14 1=, ) ) ~2 |
1pi(1=02p:) +602p; O Oz V2 [01,y,:(1 = 05y,:) + 6,162

Pointing out the corresponding NGF is equivalent to solving equation (45) in Yygr. In fact, the eventual solution

depends on the invertibility of the matrix Xg ,.g,,, and the conditions the NGF have to satisfy.

.. i 02p,i 01,p,i o :
Proposition 14: ¥(01p;,0,p,;) €] — L1[X] — L,1[/6,p; # ~ e o Orpi # — b X, 1.6, 18 invertible

and NGF 3, we get:
ZNGF(HI,P,D 92,P,i) = X9_11,P,i:92,P,i' V=
O-‘ii(elrp-i' 92'1’11') = [91,1’.1'(1 - 92.P,i) + 92,P.i]_1[91,y,i(1 - é\z.y.i) + 92,y,i]5£,i

2 2 a4 el ol
2 _ 52 A2 (1467 pi+65 p )[01,,i(1=025,)+02yl]| ~2
92i(OrpirOapi) = [(1 0Ty +0y) - [ 01pi(1-02p1)+02py i

Proof: See Appendix 14.

0 i 2 P,i PN ~
Dygr = {(61p02p;) €] — LA[X] = L1[/61p; = ——2— or Opp; # ——=— and (1+67,,+63,,)>

1-63p, 1-61p,

[(1+93,P,i+922,P,i) [gl,y,i(l_gz,y,i)*'az,y,i]]}
61,p,i(1-02,p,i)+62,p,i '

The same reasoning, as in section 5.2.2 and 5.2.4, is applied for the positiveness of the NGF, the convergence, the
determination of upper and lower bounds and the significantly useful signal-to-noise ratios.

6. Conclusion

Not for nothing do we pinpoint the underlying topic. Our paper proposes a synthesis of previously theoretical as well
as empirical research and calls attention to a crucial problem, which is identifying an ARMA model for the
unobserved forward risk premia. This paper focuses on the statistical problem of model identification for the
unobservable forward risk premium component. We set up a theoretical framework to study the model identification
problem for the signal. In fact, the true ARMA model for the unobserved signal could be either identifiable or
unidentifiable. Indeed, the signal extraction approach is feasible only for the identifiable class of ARMA models for
the forward risk premium signal buried in the noise. Otherwise, it is infeasible. Whenever an ARMA model for the
signal is unidentifiable, we identify a new class of functions that we call: the NGF. They are noise variances
expressed as functions of the unknown forward risk premium MA coefficients, they are bijective and they are
upwardly and downwardly bounded. We mathematically show that an identifiable model for the forward risk
premium component does not always exist and the signal extraction approach is not always feasible. As a matter of
fact, the true model is not always the identifiable one. Thus, it is well-founded to deepen insight on the class of
unidentifiable models which are described by the NGF. To apply our theoretical findings, we consider the empirically
evidenced ARMA models within the related literature and we analyse each case pointing out its corresponding NGF.
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Notes
Note 1. Forward premium anomaly.
Note 2. Martingale.

Note 3. Eugene Fama divided the work on informationally efficient capital markets into three categories: weak-form,
semi-strong form, and strong-form tests which are replaced, respectively, in Fama (1991) by: tests for return
forecastability, event studies, and private information tests.

Note 4. The ASW's theorem states that the summation of two uncorrelated moving average processes of orders q,
and q3, respectively, has a MA(q,) representation such that g; < Max(q,, q3).

Note 5. The certainty equivalent is the level of wealth such that its utility is equal to the expected utility.
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Note 6. See Jacobs (1982).

Note 7. According to the existing empirical literature, we hypothesize that (ps, q3) = (0,0) (i.e. a white noise).
Note 8. ASW’s moving average summation theorem is relevant only for uncorrelated processes.

Note 9. (a;) is the second source of noise.

Note 10. Given an ARMA(p4,q,), we have y;, # 0 forall 0 < k < Max(p,, q;). Otherwise, y; = 0.

Note 11. They are also called the Yule-Walker equations. As shown in Isais-Torres and Cavazos-Cadena (2012),
theorem 3.1, the Yule-Walker matrix is invertible for all causal stochastic ARMA processes.

Note 12. The circumflex accent means that the coefficient is estimated and consequently known. An unknown
coefficient will be written without a circumflex accent.

Note 13. We calculate the first partial derivatives and we deduce the stationary point by equalizing them to zero and
we verify the second order conditions for maxima.

Appendices
Appendix 1. According to equation (4), the observed time series evidences the following ARMA(p,, q1):
‘Dy (B)yt+1,i = @y (B)wt+1,i 4)
Where the polynomials @, (B) and 0,(B) are known. Equation (4) is called the RF. In addition, we have:
@p(B)P; 1, = Op(B)ay,; (46)
De(B)ery1i = Oc(B)veyr, (47
Combining equations (4), (46), and (47), we have the SF:
D (B)Pp(B)yrs1,i = P(B)Op(B)ay; + Pp(B)O(B)Viy1, (48)

In fact, a time series has a unique ARMA representation. Then equations (4) and (48), respectively the RF and the SF,
are equivalent. It follows:

®y(B)yer1i = P(B)Pp(B)Yiia, (49)
Oy (B)wes1; = P (B)Op(B)ag; + Pp(B)O(B)Veiy (50)

According to equation (49), we get
®,(B) = ¢.(B)®»(B) (51)

Straightforwardly, we have degof @,(B) = degof ®.(B) +degof ®p(B) © p; = p,; + ps3. According to
assumption 2 we have p; = 0 then we get @,(B) = ®p(B). It follows::

b1 = D2 (52)
Now we apply ASW's theorem to equation (50). @, (B)w¢,q1,; isa MA(q,), ®.(B)0p(B)a,; isa MA(qs + p,)
and ®p(B)O.(B)v;yq1,; isa MA(q, + p3). According to assumption 2 we have p; = gz = 0. Then
®.(B)Op(B)a,; isa MA(p,) and ®p(B)O.(B)Vvyyq,; isa MA(q,). It follows:

q1 < Max(qz,p; = p1) (33)

Finally, equation (52) and inequation (53) let us deduce that the unobservable forward risk premium, P, ;, follows
an ARMA(p;,q,) suchthat: p, = p, and q; < Max(q,,p,). QE.D

Appendix 2. We have Max(p;,q,) + 1 linearly independent equations and the only unknown polynomial is @, (B)
which is of degree q,, i.e. @p(B) has g, unknown MA coefficients. In addition, ¢ and o2 are unknown. It
follows that we have q, + 2 unknowns. The system has a unique solution, i.e. All unknowns are identified and each
one gets a unique value, if the number of equations is equal to the number of unknowns: g, + 2 = Max(p,,q,) +
1 q, =Max(p,q,) —1.QED

Appendix 3. If the number of unknowns is greater than the number of equations then we get an underdetermined
system of equations and we can express some unknowns as functions of others, so we get infinitely many solutions.
On the other hand, if the number of equations is greater than the number of unknowns, then we have an
overdetermined system, given that all equations are linearly independent, we have no solutions and the system of
equations is inconsistent.

Appendix 4. We apply the proposition 1 so we get the proposition 4.
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Appendix 5. We apply the proposition 1 so we get the proposition 5.
Appendix 6. We have det(Xg, ) = dg (65:) = Gy,03: — (1+ B2)0p + By

A= (1- ¢A>32,'L-)2, so we get two roots: ¢,,; and (f)y,i_l. <i3y_i_1 €] — 1,1[ so we exclude it. Then det(XgP’i) # 0 iif

% -1 v -1 2 -1 1 ‘f’y.i _(1 - (f))zu)
ep'i E] - 1,1[{(1)},‘,: and we get ZNGF(QP,i) = Xep,i'V = XeP,i' [72 . XGP,i = W _QP ) 92 _ 2@ ,QP_ N 1
Pi L P,i yiYP,i
By, i1+ 3’2,{—1 7
0ai(9pi) = = dg (.(Zp i))
so we deduce that: Z’NGF(HP_i) = Zj ©r) | Q.ED
gszi(gPi) = aazjiu
) ’ ’ da’y,i(GP’i)
: 2 i 2 o a,,(0r0) NP,
Appendix 7. We have Ga,i(Hp,i) = W >0 and Us,i(gp,i) = %‘im > 0. It follows that A = ¢,,;V; +
yis ot yis ot

(¢332u - 1)‘72 = éy,iéf,i - (1 + ¢3§,i)éy,i + qay,ia day,i (HP,i) and héy,i (HP,i) = éy,ielg,i - (1 + é)zf,i)eP,i + éy,i must

have the same sign. We have:

A>0e0,€]-1,8,[A<0e b, €]p,.1[

d(’ﬁy’i(ep‘i) > 0 (=4 HP,i € ]—1, (f)y,i [, day,i(gpvi) < 0 (=1 HP,i € ](f)y,i’ 1[
h@y,i(ep,i) >0 0, €]-1,0,,, hgw,(ap,i) <0 0p;,€10,,1].

Four cases are consequently inferred:

Case 1: A>0, da,y,i(epyi) > 0, and hgy’i(epli) > 0 such that @,; € 1-1,0[.

In fact, we have A>0v—-1<0,;,<¢,; <0, d%i(ap,i) > 0V0p; € |-1,$,,[, and hgyi(ap,i) > 0V6,,; €

|-1,8,,[ Given that 8,; < $,,; wehave |-1,8,,[ c |-1,é,,[ then our domainis |-1,8,,;[. QE.D
Case2: A<0, dg (0p;) <0,and hg (6p;) <O suchthat ¢,; €]-10[.

In fact, we have A <OV —1<¢,;<8,;<0 or =1<¢,; <0<8y; <1, dg (6p:) <OVOp,; € |}, 1],

and h’g‘yi(ep‘i) < O0VOp; €10, 1[. Given that 8,; > $,; we have |0,;,1[ <], 1| then our domain is

16, 1[. QE.D
Case3: A >0, d&y’i(epli) > 0, and h'gy'i(gp‘i) > 0 such that ¢,; € ]0,1].

In fact, we have A >0V —1< éy‘i <0< (jA)y,i <lor0< éy‘i < ¢A>y‘i <1, dayi(HP,i) > 0V6p; € ]—1, <;[A>y,i[,

and hay’i(ep'i) > 0V6p,; € |-1,0,,[. Given that ,; < ¢,; we have |-1,8,;[ € ]-1,$,,[ then our domain is

|-1.6,;[. QED
Cased: A <0, da,y,i(epyi) <0, and hgyi(epli) < 0 such that ¢,,; € 10,1[.

In fact, we have 4 < 0V0 < ¢,; <8, <1, da,y,i(ep,i) < 0V0p,; € |}y, 1[, and ha,, (6p;) < OVO,,; €10, 1].

Given that 93,,1' > qu,i we have ]93,‘1-, 1[ [ ](],’A)y‘l-, 1[ then our domain is ]éy,i, 1[. Q.ED

Appendix 8. We get two cases:
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Case 1: A >0 then Op,; € ]—1, éy,l-[. We calculate the limits of the NGF when 6p; approaches —1* and 6p;
approaches 9;, ;- The former will give us the upper bound and the latter will give us the lower bound for ngri(epyi)
because it is a decreasing function on that domain. Whereas the former will give us the lower bound and the latter

will give us the upper bound for a,f,i(ﬁp_i) because it is an increasing function on that domain. Q.E.D

Case 2: A< 0 then 0p,; € ]Gy,i,

approaches 1~. The former will give us the upper bound and the latter will give us the lower bound for O'If,i(epri)

1[. We calculate the limits of the NGF when 6p; approaches @; ; and Bp;

because it is a decreasing function on that domain. Whereas the former will give us the lower bound and the latter

will give us the upper bound for ¢ (Qpli) because it is an increasing function on that domain. Q.E.D

72
1-¢3;
03 ;—23y,i0pi+1

a4,i(6p,)

a5 :(6p1)

912>,i—2<7’y,i9p,i-(1-2<7’§,i)
Z(Hg’i—2$y,i9p’l‘+1)

Appendix 9. Let R(Hp,i) be We have R(QP,L-) = . Substracting one half from both sides, we

get R(Hp_i) —5=- . The denominator is always positive and different from zero. As a matter

of fact R(BP,L-) —.5 has the opposite sign of the numerator. The roots of the numerator are (jA)y‘i - (1 - <;[A>32,‘i)1/2

and ¢, + (1- ()532}1)1/2 then it is negative VOp; €]¢,; — (1 — d?f,,i)l/z, ¢y +(1- (,iA)}Z,,i)I/Z[ and positive

)1/2

VOp; E](ﬁy,i - (1 - 4332,1 ,(ﬁy,i + (1 — (ﬁf,,i)l/z[. Consequently, we get R(Gp,i) —.5 is positive V6p; E](ﬁy,i —

(1-82)" @y +(1—32)"’[ . negative V0,; 1B, — (1 —32)"% by + (1 - $2)"*[, and null

whenever 0p; equals the roots. Q.E.D

Appendix 10. Xg, ,.0,,, 1s nonsingular and NGF 3 iif det(Xgl’P’i‘gzyp'i) = dfﬁl,y,i:fﬁz,y,i(gll’ri'QZ‘P:i) 0.
Vda\’l,y,i;a’z,y,i(el'P'i’ 92'})',:) 0 we get : ZNGF(el,P,i' 92_”) = X_1]:P,i'92,P,i' V such that
-1 —
01,pi02pi —
" _¢1,y,i¢2,y,i _(1 - ¢f,y,i - ¢%,y,i)
. It follows:
dy 2 (01pifap)\ —(is - _ _ . . . S . .
¢1,y,i:¢z,y,i( 1pi02p) (J¢1’y’i;¢2’y,i(91,P,u 92,P,L) + l¢1_y,i;¢>2_y,i(91,P,u 92,P,1)) g¢>1_y,i;¢>2_y,i(91,P,u 92,P,1)
Snor(Orp i Oapi) = Xo™t 7 =x;t A%\ Suaightforwardi t:
NGF 1,PivO2pi) = 91,P,i192,P,i' = Gl,P,i'QZ,P,i' (B 4 C')a'f,'l . ralg orwar y, wW¢e ge .
ZNGF(Gl,P,i' 92,P,i) =
2 —[Aa’Ly,ia’z,y,i*'(§+5)(1-&’{3,,1'—&;%,%{)]82,1
o-a,i(gl,P,i’ 92,P,i) = R _ (9 ) )
¢1,y,i?¢2,y,i 1,P,i"Y2,P,i
. L , |-QED
A0, iy (OrpiO2p ¥l g, (O1pif2pd) F(B+OGG, 5, (01p002p0) |00,

Usz,i(91,P,i' 92,P,i) =

d$1,y,ii<$2,y,i (91,P,i'92,P.i)

Appendix 11. The same reasoning as in the proof of proposition 10.
Appendix 12. The same reasoning as in the proof of proposition 10.
Appendix 13. The same reasoning as in the proof of proposition 10.

Appendix 14. The same reasoning as in the proof of proposition 10.
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