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The traditional propositional logic is monotonic. With the same logical language as, the same valuation as and the validity of a

sequent different from the traditional propositional logic, a propositional logic could be nonmonotonic. In this paper, the four
Gentzen deduction systems G*, G2, G®, G* and their dualities G1, G2, G, G4 will be given which are proved to be sound and
complete with respect to the four definitions and their dualities of the validity of sequents, among which one is traditional and

others are variations of the traditional one. Moreover, G*, G® are monotonic in both I" and A; and G2, G* are monotonic in I"

and nonmonotonic in A. Dually, G1, Gs are nonmonotonic in both I" and A; and G2, G4 are nonmonotonic in I and monotonic

in A.
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1. INTRODUCTION

The traditional Gentzen deduction system G for the propo-
sitional logic is monotonic,!’?! that is, given any theories
T/, A, A/, if sequent ' = A is provable in G! and
I CTIMA C A'then TV = AT = ATV = A/
are provable in G'. Correspondingly, the Gentzen deduc-
tion system Gy for I' # A is nonmonotonic,*! that is,
given any theories I', T, A, A’/ if sequent T % A is prov-
able in Gy and T' C IV, A C A’ then it may be true that
I 4 A, T' A A" TV A A’ are provable in G.

The nonmonotonic logics are different from the monotonic
logics in that the deduction is nonmonotonic. The traditional
logics, such as the propositional logic, the first-order logic,
modal logic, etc., are monotonic. The nontraditional logics,
such as the default logic, the autoepistemic logic, circum-
scription, efc., are nonmonotonic./*8!

The nonmonotonicity of a nonmonotonic logic follows from
using a negation A I/ A of a monotonic deduction A - A.
We found that each nonmonotonic logic has the occurrence of
A I/ A. For example, a formula B is deducible in the default

A:B
logic (or in some extension of default theory (A, {T})

A:B
from a default theory (A, {T}) if A is deducible in

propositional logic from A and —B is not, that is,

A+ ALA W -B.

It is obvious that the monotonicity of A + A implies the
nonmonotonicity of A I/ A.

As a deduction relation, I/ is contradictory to - . Corre-
spondingly, in the Gentzen deduction systems, the validity
of I' = A is contradictory to the invalidity of I' = A, i.e.,
the validity of I" — A, where I — A is valid if there is an
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assignment v such that v satisfies I" and does not satisfy A,
where v satisfies I if v satisfies each formula in I'; and v
satisfies A if v satisfies some formula in A.

Therefore, as a contradictory relation - I' — A of F ' = A,
there is a Gentzen-typed deduction system G such that Gy
is sound and complete, that is, for any sequent I' — A,
if ' — A is provable in Gy then I" — A is valid; and
conversely, if I' — A is valid then I' — A is provable in
Gl.

Formally, the validity of sequent I' = A is defined as fol-
lows:
Eo T' = A if for any assignment v,v = I' implies
v = A, where v =T if forevery A € I', u(A) = 1; and
v = Aif for some B € A, v(B) = 1.

Correspondingly, sequent I' % A (denoted by I' — A)

being valid is defined as follows:
Eq, T = A if there is an assignment v such that v =T

andv = A, where v =T if forevery A € T, v(A4) = 1;
and v = A if forevery B € A, v(B) = 0.

We consider other possible definitions of the validity and

have the following four definitions:
o for any assignment v,v = T implies v = A, where
v ETifforevery A € T',v(A4) = 1; and

v = A if for some B€ A, v(B) = 1;
v = Aif for every B€e A v(B) = 1;
v = A if for some Be A, v(B) = 0;
v = A if for every Be A, v(B) = 0;
* there is an assignment v such that v = I" and v £ A,
where v |= T if forevery A € I', v(A) = 1; and

v = Aif for every Be A, v(B) = 0;

v & Aif for some B€ A, v(B) =0

v = Aif for every B€ A, v(B) = 1;

v = Aif for some Be A, v(B) =1
Therefore, we have four Gentzen deduction systems
G',G?,G3, G421 and their dualities G1, Gy, G3, Gy,
where

definition | system
Vo(VAeT(v(4)=1)=3IB € A(v(B) =1)) | G!
Vo(VAeT(v(A) =1)= VB € A(v(B) =1)) | G
Vo(VA € T(v(A) =1) = 3B € A(v(B) =0)) | G*
Vo(VA € T'(v(A) =1) = VB € A(v(B) = 0)) | G%;
and
definition | system
(VA eT'(v(A) =1)&3IB e A(v(B)=1)) | G4
(VA eT'(v(A) =1)&VB € A(w(B) =1)) | Gs
(VA e T(v(A) =1)&3IB € A(v(B) =0)) | Go
(VA eT(v(A) = 1)&VB € A(v(B) =0)) | G.
112

It will be proved that:(68:12-15]

(1) G', G® are monotonic in both I" and A;

(2) G2, G* are monotonic in I' and nonmonotonic in A;
(3) G1, G5 are nonmonotonic in both " and A;

(4) G2, G4 are nonmonotonic in I and monotonic in A.

This paper is organized as follows: the next section gives the
basic definitions in the propositional logic; the third section
gives the Gentzen deduction system G for the traditional
propositional logic and GG; for the nonmonotonic proposi-
tional logic; the fourth section gives the Gentzen deduction
systems G2 and G and proves that they are sound and com-
plete; the fifth section gives sound and complete Gentzen
deduction systems G* and G'3 and analyzes their monotonic-
ity; the sixth section lists the sound and complete Gentzen
deduction systems G* and Gy; and the last section concludes
the whole paper with the table of monotonicity of all the
systems.

2. THE LOGICAL LANGUAGE OF THE PROPO-
SITIONAL LOGIC
The logical language of the propositional logic consists of
the following symbols:
* propositional variables: pg, p1, ...;
* logical connectives: —, A, V, and
* auxiliary symbols: (,).

A string A of symbols is a formula if
A= p|_\p‘A1 A A2|A1 V AQ.

The semantics of the propositional logic is given by an as-
signment v, a function from the propositional variables to

{0,1}.

Given an assignment v, a formula A is true in v, denoted by
v A if

v(p) =1 ifA=0p
v(p) =0 iftA=-p
vE A&viE Ay A=A N A
vEAjorvE Ay i A=AV A,

where ~, &, or are symbols used in the meta-language, and
correspondingly, —, A, V are the ones used in the language.
Therefore, v = A; can be represented as ~ (v |= Ap).

A sequent ¢ is a pair (I', A), denoted by I' = A, where I', A
are sets of formulas.

A literal [ is a propositional variable or the negation of a
propositional variable.
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3. THE PROPOSITIONAL LOGIC G
A sequent I' = A is valid, denoted by =¢: ' = A, if

for any assignment v,v(A) = 1 for every A € I" implies
v(B) =1 for some B € A.

The Gentzen deduction system G consists of the following
axioms and deduction rules:

* Axioms:
(A) incon(T) or incon(A) or T N A # ()
= '=A
where I, A are sets of literals.

¢ Deduction rules:

F,AlﬁA FﬁBl,A I'= By, A

(=A1) [LAAAs = A (=A") I'= B A By, A
o TiAs= A

M) T A AL S A
A=A T, A=A R I'= B, A

(i\/ ) I'A; VA= A (§\/1) F:>B1VB2,A

FiBl\/B%A

Theorem 3.1 (The soundness and completeness theorem).
For any sequent I' = A,

I—G1F:>Aiff ':GqF:>A

The propositional logic of G

Definition 3.2 A sequent ' — A is valid, denoted by
Eq, T — A if there is an assignment v such that v = T
and v = A, where v =T if foreach A € T, v(A) = 1; and
v = Aif foreach B € A, v(B) = 0.

A sequent I' — A is not valid if I" — A is unsatisfiable, i.e.,
there is no assignment v such that v = I" and v = A.

Lemma 3.3 Given two sets I, A of literals, =g, I' — A if
and only if I" and A are consistent, and ' N A = ().

The Gentzen deduction system (G consists of the following
axioms and deduction rules:

e Axioms:
(A) con(I') & con(A) & T NA =1
~ [— A
where A, T are sets of literals.

¢ Deduction rules:

( /\L) r,AlHA F,AQ‘_}A ( /\R) F*—}BL,A
- F,Al/\AZO—)A o F?—)B]/\BQ,A
( /\R> FO—)BQ.A
772 T B ABy, A
( \/L) r,AlHA ( R)F?—)Bl,A FHBQ,A
TV T A VA = A - ' — BV By, A
I, A A
(}_}\/%)L
r,Al\/AQHA

Definition 3.4 A sequent I' — A is provable, denoted by
Fa, T — A if there is a sequence {I'; — Aq,...,T, —

Published by Sciedu Press

Ap} such that Ty, — A, = T — A, and for each
1 <i<n,I'; — A is an axiom or is deduced from the
previous sequents by one of the deduction rules.

Theorem 3.5 (The soundness and completeness theorem).
For any sequent I — A,

}—G1FI—>Aiff ):GIFHA

4. THE PROPOSITIONAL LOGIC G?

Definition 4.1 A sequent I' = A is G2-valid, denoted by
Eg2 T' = Alif for any assignment v, v |= T implies v = A,
where v =T if for every A € I',v(A4) = l;and v = A if
foreach B € A,v(B) = 1.

Proposition 4.2 Let I, A be sets of literals. =g2 I' = A if

and only if
A C T orincon(T).

Proof. Assume that A C T or incon(T"). Then, Fg= ' =
A.

Conversely, assume that A Z I" and con(I"). There is a lit-
eral [ € A —T'. Define an assignment v such that for any
propositional variable p,

ifpel
if pel
ifp=1
if p=-l

1
0
v(p) =4 0
1
0 otherwise.

Then, v =T and v = A.

The Gentzen deduction system G? consists of the following
axioms and deduction rules:
e Axioms:
A C T orincon(T)
A C
(4=) I'=A ’
where A, I are sets of literals.

¢ Deduction rules:

o TA=A n D= B,A ['= By A
(:S/\l) AT NA = A (:s ) I'= DB ABy, A
I F,A2:>A
(=A2) [LA AAd = A
L F,Al = A F,A2:>A R F:>B1,A
(:V ) F,A41\/A2:>A (i\/]) FﬁB]\/BQ,A
. D= By A
(V) I'= BV DB, A

Theorem 4.3 (The soundness theorem). For any sequent
I'= Ajifkg: T = Athen Eg2 T = A.

Proof. We prove that each axiom is valid and each deduction
rule preserves the validity.
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To verify the validity of the axiom, by Proposition 4.2, the
axiom is valid.

To verify that (. AF) preserves the validity, assume that for
any assignment v,

vET,A; impliesv = A

For any assignment v, assume that v |= T', A; A As. Then,
v =T, A;, and by the induction assumption, v = A.

To verify that (= AF) preserves the validity, assume that for
any assignment v,

v E T implies v = By, A
v =T implies v |= B2, A

For any assignment v, assume that v = I'. By the in-
duction assumption, v = By, A and v = Bs, A. Hence,
v ': Bl A Bg, A.

To verify that (= V) preserves the validity, assume that for
any assignment v,

v =T, A; implies v = A,

v T, Ay implies v = A

For any assignment v, assume that v = I", A; V As. Then,
either v = T', A; or v = T', As, and by the induction as-
sumption, either case implies v = A.

To verify that (. V) preserves the validity, assume that for
any assignment v,

v =T implies v = B;, A

For any assignment v, assume that v |= I'. By the induction
assumption, v = B;, A. Hence, v |= By V By, A.

4.1 The completeness theorem of G

Theorem 4.4 (The completeness theorem). For any sequent
I'= AjifEg:T'= Athenbg: I' = A

Proof. Given a sequent I' = A, we construct a tree 7" as
follows:

e therootof TisT' = A;

* if for each sequent IV = A’ at anode, IV, A’ are sets of
literals then the node is a leaf; and

* if a sequent IV = A’ at a nonleaf node of T is not an
axiom then the node has the direct child nodes

114

{ Eizii T = A =T, A A Ay = Ay
ll:izilii T = A" =T = Bi A By, Ay
DA AT A A

St e BT

where [g; represents that d1, do are at a same child node;

0
and { 51 represents that &, o are at different direct child
2
nodes;

Theorem 4.5 If there is a branch & C T such that the leaf of
€ is not an axiom in G then there is an assignment v such
thatv frg2 T = A.

Proof. Assume that the leaf of £ is not an axiom in G2, and
let the leaf be IV = A’ Then, By Proposition 4.2, there is
an assignment v such that v g2 IV = A’.

We shall prove that for each node I'y = A; of £, v g
I'y = A;. There are the following cases for I'y = A;.

Case 1. T'; = Ay =T19,A4;,4: = Ay € £ is a direct
child nodes of 'y, A1 A Ay = Ay € £. By the induction
assumption,

v I#G2 F27A1,A2 — AQ
and we have that v g2 T'a, A1 A Ay — As.

Case2. I'y = A; =T = B;,As € £ is a direct child
node of I's = By A By, Ay € £. By the induction assump-
tion,

v I}ﬁgz FQ = Bi,AQ

and we have that v l7éG2 I's = B A Bg, AQ.

Case3. I'y = A; =T, A; = Ay € £ is adirect child
node of I'y, A; V Ay = Ay € £. By the induction assump-
tion,

v E&Cﬂ Fg,Ai = AQ

and we have that v [£g2 T, A1 V Ay = Ao

Cased. I'y = Ay =Ty = Bi,Bs, Ay € £ is a direct
child node of T'y; = B; V By, Ay € £. By the induction
assumption,

[ l7éG2 Fg = B1,327A2

that is,
v I#G2 FQ = Bl,AQ,
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v g2 Ty = By, Ay

and we have that v £g2 T's = By V BaAs.

Theorem 4.6 If each leaf IV = A’ of T is an axiom in G2
then T is a proof tree of I' = A in G2.

Proof. The theorem follows directly from the definition of 7T'.

4.2 The propositional logic G2

Definition 4.7 A sequent I' — A is G»-valid, denoted by
Eg, I' — A if there is an assignment v such that v = T
andv = A, where v |= T if forevery A € T',v(A) = 1; and
v = Aif for some B € A, v(B) = 0.

Proposition 4.8 Let I, A be sets of literals. =g, I' — A if
and only if
A ZT & con(T).

The Gentzen deduction system (G5 consists of the following

axioms and deduction rules:

e Axioms: AT )
con
AN E- )
(4-) I — A ’
where A, T" are sets of literals.

¢ Deduction rules:

(LAT) DA — A T, A = A (LAB) I'— B, A
~ ' A ANAs — A = I'— By ADBsy, A

( /\R) FHBQ,A

7720 T By A Bs, A
(LT A — A ( H)F»—>B1,A ' By, A
T T A VA - A - I'— BV DBy, A
( \/L) F,AQ'-)A
T2 A VA A

Theorem 4.9 (The soundness theorem). For any sequent
' - Aiftg, T'— Athen g, ' — A.

Proof. We prove that each axiom is valid and each deduction
rule preserves the validity.

To verify the validity of the axiom, by Proposition 4.8, the
axiom is valid.

To verify that (., A) preserves the validity, assume that there
is an assignment v such that

vET, A&y E A,
vET, Akv = A.

For this assignment v, v =T, A; A Az and v = A.

To verify that (_,Af) preserves the validity, assume that
there is an assignment v such that

v ET&v = B, A.
For this assignment v, v =T and v | By A Ba, A.

Published by Sciedu Press

To verify that (., VF) preserves the validity, assume that there
is an assignment v such that

vET, A& = A
For this assignment v, v |=T', 41 V Ag and v = A.

To verify that (, V%) preserves the validity, assume that
there is an assignment v such that

vET& = By, A,
v = T&v = By, A.

For this assignment v, v =T and v | By V B, A.

4.3 The completeness theorem of G2

Theorem 4.10 (The completeness theorem). For any sequent
P— AjifEg, I'—= Athenbg, I' —» A

Proof. Given a sequent I' — A, we construct a tree 7' as
follows:
e theroot of Tis I" — A;
« if for each sequent IV — A’ at anode, I, A’ are sets of
literals then the node is a leaf; and
* if a sequent IV — A’ at a nonleaf node of T is not an
axiom then the node has the direct child nodes

Iy, A A
LA AL e A STy Ay A Ay o Ay
Fl,AQl—>A1
Ty By, A
L7 PLA1 e A =Ty s By A By, Ay
F]’—>B2,A]

Iy, A = A
DAL BT e A STy ALV Ay e A
F1.,A2}—>A1

e B A,

L PLAL e A =Ty s By V By, A

FlHBQ,Al

Theorem 4.11 If there is a branch ¢ C T such that the leaf
of £ is a precondition of the axiom in G5 then ¢, I' — A.

Proof. Assume that the leaf of £ is a precondition of the
axiom in Gg, by (— A),Fg, TV — A’

We shall prove that for each node I'y +— Aj of €, g, I'1 —
Aq. There are the following cases for I'; — Aj.

Case 1. I'y — Ay =I5, A1, Ay — Ay € £ is a direct
child node of T'5, A} A As — Ay € £. By the induction
assumption,

}_G2 FQ,Al — AQ,

l_Gg F27A2 = A27

and by (—AL), we have that g, T'o, Ay A Ag > Ag.

Case2. I'y — A; =19 — B;, Ay € {is a direct child
node of I's — By A By, Ay € £. By the induction assump-
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tion,
FGQ FQ = Bia A27

and by (AR), we have that g, Ty — By A By, As.

Case3. I'y — A; =T9,A; — Ay € £ is a direct child
node of I's, A1 V Ay — Ay € £. By the induction assump-
tion,

Fa, Ta, A; = Ag,

and by (—VE), we have that =g, Ty, A1 V Ag = As.

Cased. Iy — Ay =Ty — Bi,Bs, Ay € £ is a direct
child node of T's — By V By, Ay € £. By the induction
assumption,

Fa, I'a = By, By, Ag,

that is,
Fa, T2 = B, Ao,

Fa, T'a — B, A,

and by (—V %), we have that -, T'y — By V BaAs.

Theorem 4.12 If each leaf IV — A’ of T is not an axiom in
G then T is a proof tree of I' = A in G2.

Proof. The theorem follows directly from the definition of 7T'.

5. THE PROPOSITIONAL LOGIC G?

Given a sequent I' = A, we say that v satisfies I' = A,
denoted by v gz I' = A, if 1) that for each for-
mula A € T,v(A) = 1 implies 2) that for some formula
AeAv(A)=0.

A sequent I' = A is valid, denoted by =gz T' = A, if for
any assignment v, v Egs I' = A.

Proposition 5.1 Let I, A be sets of literals. =gz ' = A if
and only if

incon(T) or incon(—=A) or I' N =A # ().

Proof. =3 T = Aiff for any assignment v, 1) that for each
formula A € T',v(A) = 1 implies 2) that for some formula
A € A v(A) = 0; iff for any assignment v, 1) that for each
formula A € T',v(A) = 1 implies 2) that for some formula
A€ Aw(=A) = 1iff =g, T = A, iff

incon(T) or incon(=A) or I' N =A # (),
where =A = {-=B : B € A}.

Proposition 5.2 Let I''A be sets of Iliterals.
incon(T') or incon(—A) or ' N =A # ( if and only if
incon(T' U A).

The Gentzen deduction system G* contains the following
116

axioms and deduction rules:
e Axioms:

incon(T") or incon(—A) or T N—A # ()
r=A ’
where I'; A are sets of literals.

¢ The deduction rules for connectives:

(ﬁ/\{‘) F,A1:>A (:>/\R) F:>B1,A
[LA AAy = A Y'T'= By A By, A
(:>/\rL) F,AQ:>A ( /\H) F:>BQ,A
2 F7A1/\A2:>A =2 F:>B1/\BQ,A
L F7A1:>A F,A2:>A R I'= By, A F:>B2,A
V) —Favamsa - V) T EvE A

Definition 5.3 s T' = A if there is a sequence {I'; =
Aq,...,T, = A, suchthatT',, = A, =T = A, and for
each1l < i < n,I'; = A, is an axiom or is deduced from
the previous sequents by one of the deduction rules in G*.

Theorem 5.4 (The soundness theorem). For any sequent
= Ajifkgs I'= Athen s I' = A

Proof. We prove that each axiom is valid and each deduction
rule preserves the validity.

To verify the validity of the axiom, by Proposition 5.1, the
axiom is valid.

To verify that (. A%1) preserves the validity, assume that for
any assignment v,

v =T, A; implies v = A.
For any assignment v, assume that v = I', A1 A A,. Then,
v =T, A;. By the induction assumption, v = A.

To verify that (—, A) preserves the validity, assume that for
any assignment v,

v = T implies v = By, A.

For any assignment v, assume that v = I". By the induction
assumption, v = By, A. If v = A thenv = B1ABsg, A; oth-
erwise, v = By andsov |= By A Bg,ie., v = By A By, A.

To verify that (V%) preserves the validity, assume that for
any assignment v,

v T, Ay impliesv = A
v =T, As implies v = A.

For any assignment v, assume that v | T, A; V As. If
v = A then v =T, Ay, and by the induction assumption,
v E Ajandifv = As then, v =T, Ay, and by the induction
assumption, v = A.
To verify that (= V) preserves the validity, assume that for
any assignment v,

v =T implies v = B, A
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v =T implies v |= By, A.

For any assignment v, assume that v |= I'. By the induc-
tion assumption, v = By,Aand v | By, A. Ifv E A
then v |= B V Bsy, A; otherwise, v |= By;v | Bo, and so
(% ': Bl V BQ, A.

5.1 The completeness theorem of G

Theorem 5.5 (The completeness theorem). For any sequent
I'= AjifEgs I'= Athenbgs I' = A,

Proof. Given a sequent I' = A, we construct a tree T' as
follows:
e therootof Tis ' = A;
* if for each sequent IV = A’ at anode, I, A’ are sets of
literals then the node is a leaf; and
* if a sequent IV = A’ at a nonleaf node of T is not an
axiom then the node has the direct child nodes

I, A A

LALZ AL e AT STy A A Ay = A
Fl,A2:>A1

r B, A .

1= 51,81 lfF/:>A/:F1:>B1/\B2,A1
Fl:>BQ,A1

', A=A

b LT = A =T4, A1V As = Ay
F],Asz]

T B, A

1= 51,81 ifF/:>A/:r&:>31VBQ,A1,
F1:>BQ7A1

Theorem 5.6 If there is a branch & C T such that the leaf of
£ is not an axiom in G then there is an assignment v such
thatv frgs T' = A.

Proof. Assume that the leaf of £ is not an axiom in G2, and
let the leaf be IV = A’, Then, By Proposition 5.1, there is
an assignment v such that v [£gs IV = A,

We shall prove that for each node I'y = A; of £, v g
I'1 = A;. There are the following cases for I'y = A;.

Casel. I'; = A = FQ,Al,AQ = Ay € 515 a direct
child node of T's, A; A Ay = A, € £. By the induction
assumption,

v FAG?’ FQvAlaAQ = A27
and we have that v £gs Ty, A1 A Ay = Ao

Case2. I'y = Ay =Ty = Bj1,Bs, Ay € £ is a direct
child node of I'y = By A By, A, € £. By the induction
assumption,

v gs Iy = By, Ba, Ay,
and we have that v £gs T's = By A Ba, As.

Case3. I'y = A; =T19,4; = Ay € £ is a direct child
node of 'y, A V As = Ag € €. By the induction assump-
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tion,
v I;AGS FQ,A»L‘ = A27

and we have that v £gs T2, A1 V Ay = As.

Cased. I'y = A, =T = B;,As € {is a direct child
node of I's = B; V By, Ay € £. By the induction assump-
tion,

v l;égs FQ = Bi,AQ,

and we have that v [£gs 'y = By V BaAs.

Theorem 5.7 If each leaf IV = A’ of T is an axiom in G°
then 7" is a proof tree of I' = A in G3.

Proof. The theorem follows directly from the definition of 7".

5.2 The propositional logic G's

Definition 5.8 A sequent I' — A is valid in G3, denoted by
Eg, T' — A if there is an assignment v such that v = T
and v = A, where v =T if foreach A € T, v(A) = 1; and
v = Alif foreach B € A,v(B) = 1.

A sequent I' — A is not valid in G3 if ' — A is unsatisfi-
able in Gz, i.e., there is no assignment v such that v = I" and
v = A, equivalently, for any assignment v, v = I" implies

v E A

Lemma 5.9 Given two sets I', A of literals, g, I' — A
if and only if I and —=A are consistent, and I' N =A = {),
equivalently, con(I' U A).

The Gentzen deduction system ('3 consists of the following
axioms and deduction rules:
* Axioms:

con(T') & con(—=A) &TN-A =0
I'— A ’
where A, T" are sets of literals.

(A=)

e Deduction rules:
T,A = A T, 4, — A

3 o T Bl A T By, A
) T A Amoeas - N TS B ABRA
(,_)\/]L) F,Al — A (HV{{) I'— Bl,A
F,Al\/AQHA rHBlvBQ,A
A VA — A I'— By V By, A

Definition 5.10 A sequent I' — A is provable, denoted by
Fa, T' — Aif there is a sequence {I'; — Aq,...,T), —
A,} such that T,, — A, = T — A and for each
1 <i<n,I;— A;isan axiom or is deduced from the
previous sequents by one of the deduction rules.

5.3 The soundness and completeness theorem of G5

Theorem 5.11 (The soundness theorem). For any sequent
I'— A,

Fg, I'— Aimplies =g, I — A.
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Proof. We prove that each axiom is valid and each deduction
rule preserves the validity.

To verify the validity of the axiom, assume that con(T),
con(—A) and I' N —=A = {). By Lemma 5.2.8, there is an
assignment v such that v =g, T — A.

To verify that (., A¥) preserves the validity, assume that there
is an assignment v such that

([ Ap) = 1&v E A,
([, Ag) = 1&v = A.

For this very assignment v, v(I', A1 A Ag) = land v = A.

To verify that (_,AT) preserves the validity, assume that
there is an assignment v such that

v = T&v(A, By) = 1,
v = T&u(A, By) = 1.

For this very assignment v, v |=I" and v(A, By A By) = 1.

To verify that (., V1) preserves the validity, assume that there
is an assignment v such that v(I', A;) = 1 and v = A. For
this very assignment v, v(T’, A; V Ay) = land v = A.

To verify that (., V1) preserves the validity, assume that
there is an assignment v such that v |=T" and v(A, By) = 1.
For this very assignment v,v |=I"and v(A, B V By) = 1.

Theorem 5.12 (The completeness theorem). For any sequent
I'— A,

Eg, I'— Aimplies kg, I' — A.

Proof. Given a sequent I' — A, we construct a tree T' as
follows:

e therootof Tis I' — A;

* if for each sequent IV — A’ at anode, IV, A’ are sets of
literals then the node is a leaf; and

* if a sequent T — A’ at a nonleaf node of T is not an
axiom then the node has the direct child nodes

r

AT AL e A S A A Ay s A
F1,A2l—>Al

Ty s By, A

L BLA1 ey AV =Ty = By A By, Ay
F1>—>BQ,A1

Ty A= Ay

LA AL e VA STy Ay V Ay o Ay
F],AQ}—}A]

Pim Bube e A Ty o BV By A
F]*—)BQ,Al

Theorem 5.13 If there is a branch £ C T such that the leaf
of ¢ is an axiom in G3 then ¢, I — A.
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Proof. Assume that the leaf of ¢ is an axiom in Gj.
Let the leaf be IV — A’. Then, con(I"), con(—A’) and
I''Nn-A"=0,and by (A),Fq, I" = A"

We shall prove that for each node I'y — A; of €, I'1 =
A;. There are the following cases for I'; — Aj.

Casel. I'y — Ay =T9,A1 AN Ay — Ay € & Then,
I'y — Aq has a direct child node I's, A1, As — A, (that is,
Ty, Ay — Ay T'o, Ay — As). By the assumption, we have

FG;; FQaAl — AQ;
Fa, T2, Ao = Ao,

and by (,_>/\L) in Gg, |_G3 Fz,Al A A2 — AQ.

Case 2. T'; — Al = FQ,Al \/A2 g AQ € f Then,
I't — Ay has two direct child node I';, A; — A, and
Iy, Ao — A,. There is an ¢ € {1,2} such that I's, A; —
As € £. By the induction assumption, we have

FG;; FQaAl — AQ;
and by (._>\/L) in G37|_G3 F27A1 \Y A2 = AQ.

Case 3. I'y — Ay = T9 — By A By,Ay € & Then,
I'y — Aq has a direct child node I's — By, By, As (that is,
'y — By, Ay T's — By, As). By the induction assumption,

|_G3 FQ — B17A27
Fay 2 = Ba, Ao,

and by (._>/\R) in Gg, |_G3 I's — B1 A BQ, AQ.

Cased. ' — Ay =15 — B V BQ,AQ € f Then,
I'y — Ay has two direct child nodes I's — Bj, Ay and
'y — Bs,As. There is an ¢ € {1,2} such that T’y —
B;, As € £. By the assumption, we have

|_G3 FQ — Bi7A27
and by (,_)\/ﬁ) in G3, |_G3 I's— BV BQ, AQ.
Theorem 5.14 If each leaf IV — A’ of T is not an axiom in
G then T is a proof tree of I' = A in G3.

Proof. Directly from the definition of 7.

5.4 The nonmonotonicity of G5

Theorem 5.15 (The monotonicity theorem). G* is mono-
tonic in both I and A, that is, for any formula sets T', T, A
and A,

I CT'& Fgs T~ Aimplies Fgs IV — A;
A CA'&tgs T'— Aimplies Fgs I'— A,

Theorem 5.16 (The nonmonotonicity theorem). G is non-
monotonic in both I" and A, that is, for any formula sets

ISSN 1927-6974 E-ISSN 1927-6982
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I, TV, A and A/,
I CT"& Fg, T'+— A may notimply kg, IV — A;
A C A& tg, I'— A maynotimply g, I'— A’

Proof. We prove that the axiom is nonmonotonic and each
deduction rule preserves the monotonicity.

Assume that con(T'), con(—A) and T' N =A = (). There is
a superset IV D T such that IV N —=A # (); and there is a
superset A’ D A such that ' N =A’ # (. Hence, G3 is
nonmonotonic in both I" and A.

To show that (., Af*) preserves the monotonicity of T', as-
sume that T' — By, A and I — By, A are monotonic with
respect to . By (,Af), from T+ By, Aand '+ By, A,
we infer I' — By A B, A. Then, for any IV O I',\TV
Bi,A and TV — B,, A follows by the assumptions; and
by (AF), from IV +— By, A and I" — By, A, we in-
fer IV — By A By, A. Hence, I' — Bj; A By, A implies
IV — B; A By, A, thatis, I' — B; A B, A is monotonic
with respect to I'.

To show that (., A®) preserves the nonmonotonicity of T,
assume that I' — By, A and I' — B,, A are nonmono-
tonic with respect to I'. By (_,Af?), from I' — B, A and
I' = Bs, A, we infer I' — B; A By, A. Then, for some
DT,

'~ Ay, A may notimply IV, A1 & A;
' — As, A may not imply IV, Ay & A;

and by (_AF),T — B; A By, A may not imply IV
Bi A By, A, thatis, I' = By A Bo, A is nonmonotonic with
respect to I'.

To show that (., AT preserves the monotonicity of A, as-
sume that I — By, A and I" — By, A are monotonic with
respect to A. By (,Af), from T +— By, Aand ' = By, A,
we infer I' — Bj A By, A. Then, for any A’ D A, T
Bi,A" and T' + Bs, A follows; and by (_A%), from
' - By,Aand T — By, A, we infer ' — BiA AL
Hence, I' — By A B, A implies I — By A By, A/, that is,
I' — By A B3, A is monotonic with respect to A.

To show that (., AT) preserves the nonmonotonicity of A,
assume that I' — By, A and I' — B5, A are nonmono-
tonic with respect to A’. By (_ A%®), from " — Bj, A and
I' — Bs, A, we infer I' — B; A By, A. Then, for some
A’ DA,

I' = By, A may not imply I' — By, A;

/.

I'— By, A may not imply I — By, A’
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and by (AT), I — B; A By, A may not imply I'
By A By, A/, thatis, I’ — By A By, A is nonmonotonic
with respect to A.

Similar to show that other deduction rules preserve the mono-
tonicity and nonmonotonicity with respect to I" and A.

By the soundness and completeness theorem, we have that
for any formula sets I', IV, A and A,

I CT'& =g, I'— A may notimply g, IV — A,
A C A& Eg, T'— Amaynotimply g, ['— A

6. THE PROPOSITIONAL LOGIC G*

Definition 6.1 A sequent I' = A is G*-valid, denoted by
Egs T' = Alif for any assignment v, v |= I implies v = A,
where v |=T"if forevery A € T',v(A) = 1;and v = A if
foreach B € A, v(B) = 0.

Proposition 6.2 Let ', A be sets of literals. =ga I' = A if
and only if
=A CT orincon(T).

Proof. Assume that ~A C T'orincon(T"). Then, g4 I' =
A.

Conversely, assume that A ¢ I" and con(T"). There is a
literal [ € =A —I'. Define an assignment v such that for any
propositional variable p,

1 ifpel

0 ifpel
vip)=49 0 ifp=1

1 ifp=-l

0 otherwise.

Then, v =T and v [~ A.

The Gentzen deduction system G* consists of the following
axioms and deduction rules:

e Axioms:
A ZT & con(T)

A
(4=) = -A ’

where A, T are sets of literals.

¢ Deduction rules:

L F,A]iA R F:>Bl,A
(;‘Al)r,AlAAQ:»A <3/\1)F:>B1ABQ,A
() o () g

I'VAINA = A I'= B ABy, A
(:>\/") F,A]ﬁA F,A2:>A <:> R)F=>B1A F@BQ,A
Ay VA = A I'= BV By, A

Theorem 6.3 (The soundness and completeness theorem).
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For any sequent I = A,
Fas I'= Aiff l:G4 I'= A.

The propositional logic G4

Definition 6.4 A sequent I' — A is G4-valid, denoted by
Ec, I' — A if there is an assignment v such that v = T’
and v = A, where v |= I if for every A € T', v(A) = 1; and
v = Aif for some B € A, v(B) = 1.5.

Proposition 6.5 Let I', A be sets of literals. =g, I' — Aif
and only if
-A € T&con(T).

The Gentzen deduction system G4 consists of the following

axioms and deduction rules:

¢ Axioms:
A ZT & con(T)

'— A ’

where A, T" are sets of literals.
¢ Deduction rules:

(A=)

DA = A T, Ay A r D= Bi,A T By, A
(HA) AT ANAy — A (H ) r?—>Bl/\B2,A

L F,A]?—)A R FHB],A
(Hvl)F,Al\/AQHA (Hvl)Fl—)Bl\/BQ,A

L F,AQHA R FHBQ,A
(HVQ)F,AlvAy—)A (HVQ)FHBl\/BQ,A

Theorem 6.6 (The soundness and completeness theorem).

For any sequent I' — A,

|_G4Fl—>Aiff ':G4Fl—>A.

7. CONCLUSIONS

In this paper we proved that G, G2, G2, G*, G1, G2, G3, G4
are sound and complete, and their monotonicity given in the
following table:

system | precondition mono I'  mono A
G! incon(T") V incon(A) VI NA #0 Y Y
G, con(T) Acon(A)ATNA =10 N N
G? A CT Vincon(D) Y N
Go A ZT Acon(l) N Y
G* incon(I') Vincon(-A) VI N-A#0 Y Y
Gs con(I') Acon(=A)ATN=A =0 N N
G* —A CTVincon(I) Y N
Gy A Z T Acon(T) N Y

where -T' = {—A : A € T'}. Hence, —I is consistent if and
only if I" is consistent.
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