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Abstract
In this paper, a new type-2 fuzzy logic controller (T2FLC) is proposed for on-line control of nonlinear systems. The proposed
method provides more flexibility in applying human thinking in control system design in comparison with the traditional or even
type-1 fuzzy logic controllers. One encounters some problems using the type-2 fuzzy logic controllers on-line because of the
large volume of computations required. The main aim of this paper is to propose a new type-2 fuzzy controller with a small
computational burden so that it can be used on-line. In the proposed T2FLC, the programs related to the computation of union
of all qualified consequent T2MFs are divided into some sub-problems, and to design the T2FLC - not interval -we merge the
Type Reducer and Defuzzifier into one step. By doing so, the computational time reduces, and the performance of our T2FLC
increases so that it can be used on-line in dynamic systems. We study the noise concealing properties of the proposed T2FLC
as well. The proposed method is applied to two non-linear dynamic systems, ball & beam and inverted pendulum. The results
are compared with PID and type-1 fuzzy logic controllers. In the simulation results, it is also shown that the proposed controller
has good noise cancelling properties.
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1 Introduction
Recently, the importance of Type-2 fuzzy systems has ap-
peared to the majority of scientists, and applications of them
are extensive, particularly in control problems.[1–3] Many re-
ported researches have shown that T2 FLCs are more capa-
ble than type-1 FLCs in handling the uncertainties.[4] Also,
it has excellent performance, similar to human operators and
better than the classic controllers (e.g., PID controller) and
even type-1 fuzzy systems.[5]

In fact, the words and sentences (linguistic variable, e.g.,
cool, hot . . . ) associated with FLCs, have different mean-
ings for each person. Also, uncertainties in inputs and out-
puts translate into uncertainties in antecedent’s MFs and
consequent’s MFs regularly. Generally, everything that is
related to FLC might be uncertain and fuzzy. So, the
T1FLCs cannot model such uncertainties.
The original fuzzy logic sets—Type-1 Fuzzy Logic System:
T1FLS—presented by Lotfi Zadeh,[6] have been used suc-

cessfully for more than forty years; however, they could not
minimize the uncertainties any more, when the researchers
envisaged with some new obscurant systems that definition
of their MFs needed more flexibility. The type-2 fuzzy logic
controllers have been proposed because their type-2 MFs
are three-dimensional and they provide more flexibility and
freedom in comparison with type-1 MFs. For these rea-
sons, they can support a wide variety of opinions. There-
fore, the Type-2 fuzzy logic was proposed by Zadeh in[7]

for the first time. Many investigations were done by Mizu-
moto and Tanaka[8] about type-2 fuzzy logic, but researches
in this field became inconspicuous from 1977 to 1996.

In,[9] Mendel and John reformulated all set oper-
ations—union, intersection, and complement—between
T2FSs, but the usage of type-2 fuzzy sets in real computer
systems was not widespread, because using type-2 fuzzy
sets is very complicated and its computational load is heavy.
Hence, to enhance the real-time performance of on-line ap-
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plications, the interval type-2 fuzzy logic was investigated
in various articles (e.g., Castro, Castillo and Martinez[10, 11]).
So, Simplified interval fuzzy sets have been used in most of
T2FLC’s used for on-line control.[9] But the interval FLC
had less flexibility than T2FLC, and cannot minimize the
uncertainty efficiently because the secondary grade of MF
is not considered in the interval FLC.
Totally, paper’s innovations are expressed in three parts:
first, we present a new expression of the triangular type-2
membership function, which results in minimizing the ef-
fect of the uncertainties to apply the one’s opinions; second,
we will divide the problem into some sub-problems to cal-
culate the union of all qualified consequent T2MFs—that
will be mentioned in section VI and will be showed in Fig-
ure 4; third, to design the T2FLC—not Interval—we will
merge the last two steps of controller architecture, Type Re-
ducer and Defuzzifier, into one step with formula (10). All
these innovations lead to reduction of computational load
and increasing the performance of our T2FLC so that it can
be used on line in dynamic systems. It is worth mention-
ing that the fuzzy rules and T2MFs are defined based on the
knowledge of an expert about the plant.
In order to verify the proposed method, we will use the pro-
posed T2FLC to control two nonlinear dynamic systems,
inverted pendulum and ball & beam, on line. As long as
the transient response of T1FLCs and T2FLCs are so simi-
lar,[4, 5, 12] we tried to compare between T2FLC and PID con-
trollers—an alternative economic controller—to check the
performance of our T2FLC in sense of transient behavior.
Robustness of fuzzy systems, especially T2FLSs, is ex-
cellent in noisy environments.[12] However, almost all of
T2FLSs have been used in static cases to utilize such ro-
bustness[13, 14] due to its computational burden. To study this
property of the proposed T2FLC, we will compare it with
T1FLC in the mentioned dynamic system (inverted pendu-
lum). This paper is organized as follows: In section II, some
essential definitions associated with Type-2 Fuzzy sets will
be introduced. In section III, the new expression of the tri-
angular type-2 membership function is discussed. In sec-
tion IV, at first, the structure of the proposed T2FLC will
be explained briefly, and then their operations details are
described by bringing up an example. In sections V and
VI, our proposed T2FLC will be applied to two nonlinear
plants, ball & beam and inverted pendulum, and the results
will be compared against a PID controller in sense of sta-
bility and transient response. The noise canceling behavior
of T1FLC and T2FLC in inverted pendulum system is com-

pared in section VII. Eventually, section VIII concludes the
paper.

2 Essential definitions
In this section, we provide definition of type-2 fuzzy sets
and some important associated operations with this assump-
tion that the type-1 fuzzy sets and their operators are famil-
iar for the readers.
Definition 1: (J. Mendel and R. John[7]) A type-2 fuzzy set
denoted by Ã, is characterized by a type-2 MF mA(x, u)
with x ∈ X and u ∈ Jx ⊆ [0, 1];

Ã = ((x, u), µÃ(x, u)) | ∀x ∈ X,∀u ∈ Jx ⊆ [0, 1] (1)

In which, 0 ≤ µȦ(x, u) ≤ 1. A type-2 fuzzy set can be also
expressed as:

Ã =
∫
x∈X

∫
u∈Jx

µȦ(x, u)/(x, u); Jx ⊆ [0, 1] (2)

where u is a primary grade and mA(x, u) is a secondary
grade. For discrete universe of discourse,

∫
is replaced by∑

in (1) and (2). Since (
∫
,
∑

) denote union, the repetitious
points in type-2 set have same concept and all of them are
the same point. Also, if the mA(x, u) of some points are
zero, they are unvalued, and they can be omitted.
Definition 2: At each value of x, say x = x′, the two-
dimensional plane whose axes are u andmA(x′, u), is called
a vertical slice of T2FS Ã. A vertical slice is a type-1 fuzzy
set itself.
Definition 3: The MF of a type-2 fuzzy set, Ã, is three-
dimensional where the third dimension is the value of the
MF at each point on its two-dimensional domain that is
called its footprint of uncertainty (FOU).
Definition 4: Using theorem 3 of Mendel and John[7] the
union between two T2FSs Ã and B̃ is given as (5):

Ã =
∑
x∈X

[
∫
u∈Ju

x

fx(u)/u]/x (3)

B̃ =
∑
x∈X

[
∫
w∈Jw

x

gx(w)/w]/x (4)

Ã ∪ B̃ =
∫ nA

j=1

∫ nB

i=1
[Fx1(uj1, wi1)/(uj1© wi1)]/x1 + · · ·+ [FxN

(ujN , w
i
N )/((ujN © wiN )]/xN (5)
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where

Fxl
(ujl ), w

i
l) = fxl

(ujl ) ∗ gxl
(wil) (6)

In (5), (6), ∗ is a t-norm (e.g., minimum, product. . . ) and d

is a t-conorm (e.g., maximum).

Definition 5: Using theorem 3 of Mendel and John,[7] the
intersection between two type-2 fuzzy sets Ã and B̃ is given
as:

Ã ∩ B̃ =
∫ nA

j=1

∫ nB

i=1
[Fx1(uj1, wi1)/(uj1 ∗ wi1)]/x1 + · · ·+ [FxN

(ujN , w
i
N )/((ujN ∗ w

i
N )]/xN (7)

where Fxl
(ujl , wil) is given in (6).

3 Fabrication a T2MF
In associated with expression of T1MF, there are some im-
pediments. The T1MF cannot completely handle the lin-
guistic and numerical uncertainties with fuzzy membership
functions. For example, person #1 bounds the domain of
hot temperature’s T1MF like Figure 1, the green triangu-
lar T1MF, and person #2 bounds it, like the red triangular
T1MF in Figure 1;

Figure 1: The triangular T1MFs of hot in variety opinions

Accordingly, we have many different opinions, also many
T1MFs about hot temperature. Usually the middle (the blue
T1MF) of FOU (Fig. 2) is the most possible one; therefore,
it must have bigger secondary grade than other T1MFs.

Figure 2: FOU of a T2MF

Thereupon, we propose a T2MF like Fig. 3 that, as the
T1MF’s domain are increased (move to right side), the µ
of them are increased too, shown by green color, until ar-
rived middle of FOU, after that, this algorithm is resumed
inversely shown by red color.

Figure 3: A T2MF of temperature

In this paper, we use this T2MF to minimize the uncertain-
ties, by attributing the uncertainties to the third-dimension.

4 Type-2 fuzzy logic controller
A T2FLC is constructed by a structure similar to that of
T1FLC. It consists of Fuzzifier, Inference Engine, Rule
Base, Type Reducer and Defuzzifier. In this section, we de-
fine the components of T2FLC briefly first. Afterwards, we
explain them in more detail, using an example.
A. Generally explaination
Figure 4 depicts the components of the T2FLC, which will
be explained as follows:
Fuzzifier: It fuzzifies the crisp inputs into general type-2
fuzzy sets. In this paper, we use singleton fuzzification,
therefore, we have only a single point of nonzero member-
ship instead of a type-2 fuzzy set.
Rule Base: In this part, we are involved by some IF-THEN
linguistic rules, linguistic variables and other related termi-
nology. As you know, quantification of this rules are so im-
portant to FLC’s sketcher. Heretofore, many papers pro-
posed the variety designing method.[16, 17]

Inference Engine: It combines the fired rules and gives
a mapping from inputs type-2 fuzzy sets to outputs type-2
fuzzy sets. In this paper, we use the Mamdani’s inference
model.
Type Reducer: The type-2 fuzzy outputs of the inference
engine are processed by the Type Reducer and it leads to
the type-1 fuzzy set called the type reduced set.
Difuzzifier: After reducing set’s type, it will be defuzzified
to obtain crisp outputs, just like a type-1 defuzzifier. There
exist many methods of defuzzification (e.g., centroid, cen-
ter average, maximum). Since the centroid defuzzification
method is more efficient, it will be used in this paper.
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Figure 4: Block diagram of a T2FLC

B. An example of T2FLC
In order to show how our proposed T2FLC works, we pro-
vide an example below.
Assume Ã, B̃, C̃, D̃ and Ẽ are T2MF’s, and two fuzzy
Rules are given as:

IFx1 ∈ Ã, x2 ∈ B̃, THENy ∈ C̃ (8)

IFx1 ∈ D̃, x2 ∈ B̃, THENy ∈ Ẽ (9)

where, x1 and x2 are two inputs of T2FLC and y is its out-
put. The typical values of inputs are x1=3.5, x2=3. In this
paper, all the t-norms are assumed to be "minimum" and all
the t-conorms are "maximum". The singleton fuzzification
method has been used as mentioned previously. Therefore,
inputs of the Inference Engine will be crisp points. Accord-
ing to,[15] we divide the procedure followed by the inference
engine into four steps:
1) The crisp known inputs (x1=3.5, x2=3) give a vertical
slice (a T1MF) in each antecedent’s set (Ã, B̃, D̃), which
are called Set Of Compatibility (figure 5). Therefore, two
vertical slices are given for both of the rules (8) and (9).
2) The vertical slices are combined with respect to an-
tecedent T2MFs, and using the Mamdani’s fuzzy implica-
tion. In consequence, one T1MF is obtained for each rule
that is called:"Set of Firing Strength" or "Set of Fulfillment".
3) The firing strength’s sets are applied to the consequence
T2MFs part of the rules: (C̃, Ẽ). Hence, it generates a Qual-
ified Consequent T2MFfor each rule.
4) Union of all the qualified consequent T2MFs are calcu-
lated to obtain an Overall Output T2MF (figure 7). Since

this step has complicated computations, we divide the prob-
lem into several sub-problems in order to enhance the ex-
cellent performance. For example, if we have four sets for
getting union, we use union function just three times: we
get union of two pairs of them first, and then the union of
two sets that resulted in the previous step will be calculated.
Using such techniques in writing the programs we can de-
crease the run time of controller.

Figure 5: The Set Of Compatibility for x=3.5

To merge the type reduction and defuzzification steps into
one step, we are seeking to obtain the projection of the
center of mass related to a three-dimensional membership
function—overall output T2FMF—onto the output axis Y.
Assume that we define a discrete overall output T2FMF
as {(xi, ui, µ(xi, ui))|i− 1, . . . ,m} in which m represents
the numbers of discrete points related to the T2FMF. No-
tice that the primary grade related to the projection of a
three-dimensional point such as (xi, ui, µ(xi, ui)) onto the
surface of the primary grade-output Y can be achieved
by multiplying ui by µ(xi, ui), that is, the type reduced
T2MF—which is a FOU of the T2MF—is defined as
{(xi, ui×µ(xi, ui))|i−1, . . . ,m}. Accordingly, to achieve
a projection of center of mass related to the very set of the
FOU onto the output axis Y, the equation (10) is used.

y =
∑N
i=1[xi × ui × µ(xi, ui)]∑N

i=1[ui × µ(xi, ui)]
(10)

It is worth mentioning that with some alteration in the very
equation it can be used for all cases.
All these steps for Rule (8) are shown in Figure 6 and Figure
7.
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Figure 6: Calculating of the Rule (8)

Figure 7: The Overall Outputs T2MF, Defuzzification and Type reduction

5 Ball & Beam system
A. Modeling
A simplified model of a ball & beam (shown in figure 8) is
given in this part. Assuming that the ball is sliding without
friction along the beam, the simplified ball and beam model
is: mg sin(θ) = mẍ. where, m is the mass of the ball, g
is the gravitational constant, θ is the beam angle and x is
the position of the ball on the beam. We consider θ as the
system’s input (u) and x as the system’s output (y). As-
sume that the states of the system are x and ẋ, so the system
model is given by: ẋ = x2, ẋ2 = b sin(u), y = x1 where
b is a single constant created by combining actuator, sensor
and the gravity constants.

Figure 8: Ball and beam model

B. Design of the T2FLC
We consider position (x) and velocity (̇) of ball as the in-
puts and the control input (u) as the output of T2FLC. Fig-
ure 9 shows input and output variables’ membership func-
tions. It is worth mentioning that the specification of fuzzy
rules and T2MFs are based on the knowledge of the system
plant—shown in Table 1.

Table 1: Fuzzy Rules For Type-2 FLC
 

 

 Velocity of ball 

Position of ball 
( ) 

N Z P 

N PL P Z 

Z P Z N 

P Z N NL 
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Figure 9: Type-2 Membership Functions

C. Results and discussion
The aim of this experiment is to balance the ball in the ori-
gin (x = 0, ẋ = 0) by applying the relevant control. The
initial values are x=0.4m and ẋ=0.5m/s, In Figure 10, the
T2FLC’s response is shown in comparison with a PID con-
troller. The system with T2FLC has less settling time and
maximum overshoot in comparison with the system with
PID controller. Moreover, in Figure 10, there is a compar-

ison between control inputs. An advantage of the T2FLC
is that its control input is more limited in comparison with
the PID’s control input. Notice that if control inputs are so
large, it may cause damage in actuator or even in system.
Using T2FLC, The computational time for a 4 second sim-
ulation is 1.43 second, so there is no problem in real-time
usage of T2FLC. Accordingly, all the results show that the
T2FLC has a better performance than the PID controller.

Figure 10: Position & velocity of ball and control input

6 Inverted pendulum control
A. Modeling
In this section we provide modeling of the inverted pendu-
lum, as shown in Figure 11. This system is a prevalent clas-
sic control problem that has been used to evaluate prototype
controllers (in this case, T2FLC) due to its high nonlinear-

ities and instability. The dynamical nonlinear formulas of
this system are expressed as follows:

x1 = θ, ẋ1 = x2 = θ̇, ẋ2 = θ̈ = f(x1, x2)−g(x1, x2)×u
(11)
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f(x1, x2) = 9.8(M +m) sin(x1)−mLx2
2 sin(x1) cos(x1)

4
3L(M +m)−mL cos2(x1)

(12)

g(x1, x2) = cos(x1)
4
3L(M +m)−mL cos2(x1)

(13)

From equations (11), (12), and (13):

θ̈ = 9.8(M+m) sin(θ)−mLθ2
2 sin(θ) cos(θ)−cos(θ)

4
3L(M+m)−mL cos2(θ)

Moreover, a linear actuator is contrived to correlate the force
applied to cart and control input together that can be ex-
pressed as:

u̇ = −100u+ 100ū (14)

And its transfer function will be:

C(s) = U(s)
¯U(s) = 100

s+100

Parameters of plant:

θ: Angle of pendulum, θ̇: Angular velocity of pendulum

u: Force applied to the cart, ū: Input of linear actuator (con-
trol input)

m: Mass of pendulum, M : Mass of cart

2L: The pole length, g: Gravitational constant

The typical values are given as:

2L=1m, m=0.5Kg, M=1Kg, g=9.8m/ s2

Figure 11: Inverted pendulum model

So, the plant’s dynamic model can be given as:

θ̈ =
9.8 sin(θ)− cos(θ)[u−0.25θ̇2 sin(θ)

1.5 ]
0.5[ 4

3 −
1
3 cos2(θ)]

(15)

B. Design of the T2FLC
In this section, we design and simulate a T2FLC to control
the non-linear plant of the inverted pendulum on-line and
the results are compared with a traditional PID controller.
The controller is used to balance the pendulum in the ver-
tical position (θ=0). We will compare and analyze their re-
sults together and realize the advantage of T2FLC in the
next part.
As described in the previous sections, all of the component
of the T2FLC (e.g., Fuzzifier, Inference Engine, Rule Base,
Type Reducer and Defuzzifier) have been implemented us-
ing the MATLAB software. We consider the angle (θ)
and angular velocity (θ̇)as the inputs of T2FLC and The
T2FLC’s output is the control input (ū). Figure 12 shows
T2MF’s of input and output variables.

Figure 12: Type-2 Membership Functions
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We specify the fuzzy rules, based on the knowledge of the
system plant. For example: IF the pendulum is far from the
left of vertical line (θ is negative) and its motion is coun-
terclockwise (θ̇) is negative, THEN, a large force must im-
plemented by right side (u is negative large) to neutralize
the pendulum’s angle (θ) and angular velocity (θ̇). Table 2
represents all the fuzzy rules, based on this deduction.

Table 2: Fuzzy Rules For Type-2 FLC
 

 

 Angular Velocity of Pendelum (  ) 

Angle of 

Pendulum(  ) 
N Z P 

N NL N Z 

Z N Z P 

P Z P PL 

 

C. Results and discussion
In this section, we will test the T2FLC and compare it
with a PID controller. It will be shown that the T2FLC’s
performance is superior to that of the PID controller. In
these experiments, we chose the initial position (θ(0), θ̇(0)).
The controllers try to move the pendulum toward the verti-
cal position (θ = 0, θ̇ = 0). Results of the first experi-
ment are given in Figure 13 and Figure 14. In these fig-
ures, the T2FLC’s response is shown in comparison with
a PID controller. The initial conditions are assumed to be
θ(0) = 0.3, θ̇(0) = −0.7. As it is shown in Figure 13, the
maximum overshoot and the settling time ts of T2FLC’s re-
sponse (Angle of pendulum) are less than that of the PID’s.
The angular velocities have also been compared in Figure
13. Using T2FLC, the computational time for a 3 second
simulation is 0.74 seconds, so this controller is pertinent to
be used in real time.

Figure 13: Angle&Angular velocity of pendulum in first experiment

In Figure 14, the results of different tests can be seen using
various initial conditions as listed in table 3.

Table 3: INITIAL CONDITION OF EXPERIMENTS
 

 

Figure 14.A Figure 14.B Figure 14.C 

(0) 0.3

(0) 0.3





 

 
 

(0) 0.5

(0) 0.2





 

 
 

(0) 0.5

(0) 0.3





 


 

 

Figure 14: A,B,C : Angle of pendulum
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If their overall results are compared, it is clarified that the
T2FLC has a better performance than the PID controller.
Also Figure 15 shows that the control input applied to actu-
ator using T2FLC is smaller than the control input produced
by the PID controller, so the T2FLC is more appropriate
than PID controller.

Figure 15: Control input that applied to actuator

In almost all of the practical systems, there are some noises
which are undesirable. One of these noises is measurement
noise that occurs in sensors. In this part, the inverted pendu-
lum system is considered and we assume that there is mea-

surement noise in the sensors measuring angle of pendulum.
We will study robustness of T2FLC versus T1FLC in pres-
ence of measurement noise. The initial value of the system
and the properties of the noise are listed below: θ(0) =
0.7rad, θ̇(0) = −3, mean(noise) = 0rad, var(noise) =
1.485× 10−5rad.
Figure 16 shows angle of pendulum with and without mea-
surement noise using T1FLC. The error between these two
cases is also shown in this figure. The properties of error are
expressed as below:
mean(error) = −0.0193rad, var(error) = 8.7627 ×
10−4rad
The results obtained by using T2FLC with and without mea-
surement noise are shown in Figure 17. Error mean equals
to -0.0067 and its variance is 1.7507× 10−4rad.
mean(error) = −0.0067rad, var(error) = 1.7507 ×
10−4rad
Note that most of uncertainties can be approximated with a
white noise or colored noise. As it can be seen in Figures 16
and 17, using T2FLC results in an error variance less than
the error variance of using T1FLC. So, it is obvious that the
T2FLC is more robust than the T1FLC against the uncer-
tainties and noises.

Figure 16: Error and angle of the pendulum using T1FLC

Figure 17: Error and angle of the pendulumusing T2FLC

7 Conclusions
In this paper, we enhanced performance of the T2FLC to
control two common non-linear systems (ball & beam and
inverted pendulum) on-line. Despite of the recent works as-
sociated with type-2 fuzzy systems in which simplified in-

terval fuzzy sets have been used; exact type-2 fuzzy sets
have been used in this research. Transient response of the
proposed T2FLC was compared with a PID controller and
its superior performance was shown. Impressibility of the
T2FLC in damping the noise against the T1FlC was studied
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as well. The overall simulation results demonstrate the ex-
cellent performance of the T2FLC in transient response and

noise cancellation.
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