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Abstract

This paper considers multiobjective linear programming problems where each coefficient of the objective functions is
expressed by a random fuzzy variable. A new decision making model is proposed by incorporating the concept of fractile
criteria optimization into a possibilistic programming model. An interactive fuzzy satisficing method is presented for
deriving a satisficing solution for a decision maker efficiently by updating the reference membership levels. In the
proposed method, it is shown that the transformed deterministic problems for obtaining Pareto optimal solutions can be
solved by using some convex programming techniques. An illustrative numerical example is provided to clarify the
proposed method.
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1 Introduction

In practical decision making situations, it is often required to make a decision on the basis of vague information or
uncertain data. Stochastic programming !'* and fuzzy programming 7 have been developed for solving such decision
making problems involving uncertainty. Stochastic programming, as an optimization method based on the probability
theory, have been developing in various ways including two stage problems considered by Dantzig ™ and chance
constrained programming proposed by Charnes and Cooper .

In most practical situations, however, it is natural to consider that the uncertainty in real world decision making problems
is often expressed by a fusion of fuzziness and randomness rather than either fuzziness or randomness. For handling not
only the decision maker’s vague judgments in multiobjective problems but also the randomness of the parameters involved

in the objectives and/or constraints, Sakawa and his colleagues incorporated their interactive fuzzy satisficing methods for

deterministic problems ' into multiobjective stochastic programming problems, through the introduction of several
[11, 12]

stochastic programming models such as expectation optimization , variance minimization '*!, probability maximi-
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[12-14]

zation and fractile criterion optimization "%, to derive a satisficing solution for a decision maker from Pareto optimal

solution sets.

In multiobjective stochastic programming problems, it is implicitly assumed that uncertain parameters or coefficients can
be expressed as random variables in probability theory. This means that the realized values of random parameters under
the occurrence of some event are assumed to be definitely represented with real values.

However, it is natural to consider that the possible realized values of these random parameters are often only ambiguously
known to the experts. In this case, it may be more appropriate to interpret the experts’ ambiguous understanding of the
realized values of random parameters under the occurrence of events as fuzzy numbers. From such a point of view, a fuzzy
random variable was first introduced by Kwakernaak !'*), and its mathematical basis was constructed by Puri and Ralescu

6] Studies on linear programming problems with fuzzy random variable coefficients, called fuzzy random linear

07 8]

programming problems, were initiated by Wang and Qiao " ' and Qiao et a as seeking the probability distribution of

the optimal solution and optimal value.

On the other hand, from a viewpoint of ambiguity and randomness different from fuzzy random variables '*'"! by
considering the experts’ ambiguous understanding of means and variances of random variables, a concept of random fuzzy
variables was proposed, and mathematical programming problems with random fuzzy variables were formulated together
with the development of a simulation-based approximate solution method !'*".

A recently published book of Sakawa et al. (2

is devoted to introducing the latest advances in the field of multiobjective
optimization under both fuzziness and randomness on the basis of authors’ continuing research works. Special stress is
placed on interactive decision making aspects of fuzzy stochastic multiobjective programming for human-centered

systems under uncertainty in most realistic situations when dealing with both fuzziness and randomness.

Under these circumstances, in this paper, in consideration of random fuzzy variables involved in the real-world decision
making problems, we first formulate multiobjective linear programming problems involving random fuzzy variables. The
main contribution of this paper is to provide a novel decision making methodology including a new model, solution
concept and solution algorithm to deal with more realistic problems in the real world, by simultaneously considering
various concepts such as fuzziness, randomness and interactive fuzzy programming, while most of previous papers dealt
with either of the concepts or a part of them.

In order to deal with the formulated random fuzzy multiobjective linear programming problems, we assume that the
decision maker concerns about the probabilities that each of the objective function values is smaller than or equal to a
certain target value. By considering the imprecise nature of the human judgments, we introduce the fuzzy goals of the
decision maker for the probabilities. Then we adopt the fractile model to optimize the target variables under the condition
that the degrees of possibility with respect to the attained probabilities are greater than or equal to certain permissible
levels. Then, we present an interactive fuzzy satisficing method to derive a satisficing solution for the decision maker by
updating the reference membership levels. It is shown that all of the problems to be solved in the proposed interactive
method can be solved by using some convex programming techniques such as the sequential quadratic programming
method " **. A numerical example is provided to illustrate the proposed method.

2 Random fuzzy variables

In the framework of stochastic programming, it is implicitly assumed that the uncertain parameter which well represents
the stochastic factor of real systems can be definitely expressed as a single random variable. This means that the realized
values of random parameters under the occurrence of some event are assumed to be definitely represented with real values.
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Depending on the situations, however, it is natural to consider that the possible realized values of these random parameters
are often only ambiguously known to the experts. In this case, it may be more appropriate to interpret the experts’
ambiguous understanding of the realized values of random parameters as fuzzy numbers. From such a point of view, a
fuzzy random variable was first introduced by Kwakernaak !'*!, and its mathemati-cal basis was constructed by Puri and

Ralescu !,

From the expert’s experimental point of view, however, the experts may think of a collection of random variables to be
appropriate to express stochastic factors rather than only a single random variables. In this case, reflecting the expert’s
conviction degree that each of random variables properly represents the stochastic factor, it would be quite reasonable to
assign the different degrees of possibility to each of random variables. For handling such an uncertain parameter, a random

fuzzy variable was defined by Liu %

as a function from a possibility space to a collection of random variables, which is
considered to be an extended concept of fuzzy variable *). It should be noted here that the fuzzy variables can be viewed
as another way of dealing with the imprecision which was originally represented by fuzzy sets. Although we can employ
Liu’s definition, for consistently discussing various concepts in relation to the fuzzy sets, we define the random fuzzy

variables by extending not the fuzzy variables but the fuzzy sets.

Definition 1 (Random fuzzy variables) Let I' be a collection of random variables. Then, a random fuzzy variable C is
defined by its membership function

puaT - [0,1]. @

In Definition 1, the membership function yi assigns each random variable y € I to a real number pz(y). It should be
noted here that if I is defined as R, then (1) becomes equivalent to the membership function of an ordinary fuzzy set. In
this sense, a random fuzzy variable can be regarded as an extended concept of fuzzy sets. On the other hand, if " is defined

as a singleton I' = {y} and pz(y) = 1, then the corresponding random fuzzy variable C can be viewed as an ordinary
random variable.

When taking account of the imprecise nature of the realized values of random variables, it would be appropriate to employ
the concept of fuzzy random variables. However, it should be emphasized here that if mean and/or variance of random
variables are specified by the expert as a set of real values or fuzzy sets, such uncertain parameters can be represented by
not fuzzy random variables but random fuzzy variables.

As a simple example of random fuzzy variables, we consider a Gaussian random variable whose mean value is not
definitely specified as a constant. For example, when some random parameter y is represented by the Gaussian random
variable N (s;, 10%) where the expert identifies a set {s;, 55, 53} of possible mean values as (sy, 5, s3) = (90,100,110), if
the membership function 5 is defined by

(05, if 7~N(90,102)

_ 0.7, if y~N(100,10?)
(7)) = 2
He () i 0.3, if y~N(110,102) @
0, otherwise,

then C is a random fuzzy variable. More generally, when the mean values are expressed as fuzzy sets or fuzzy numbers,
the corresponding random variable with the fuzzy mean is represented by a random fuzzy variable.

3 Multiobjective random fuzzy linear programming

As the first attempt to deal with multiobjective linear programming problems in which each coefficient of the objective
functions is expressed by a random fuzzy variable, in this paper, we formulate the following multiobjective random fuzzy
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linear programming problems:

minimize Elx )

L L 3)
minimize (,x
subjectto  gx > b, x > OJ

where x = (xq, ..., x, )T is an n-dimensional decision variable column vector, A is an m X n matrix, b is an m x 1
constant column vector, and C, j = (C~11, s C~ln) is a random fuzzy variable coefficient vector. Here, assume that C; jisa

Gaussian random variable whose mean value is an L-R fuzzy number M, ; characterized by the membership function

L (M) ifm; >t

py @ =1 @
R

T—myj

l) ifmlj <7,

)

where the shape functions L and R are nonincreasing continuous functions from [0, o) to [0,1], m, ;j is the mean value,
and a;; and f5;; are positive numbers which represent left and right spreads. Figure 1 illustrates an example of the

membership function pgz, (7).

H_ﬁG‘(T)

Ay

o]

Figure 1. An example of the membership function M, )

It must be emphasized here that, for ordinary multiobjective linear programming problems, coefficients of these objective
functions are often affected by the economic conditions varying at random. In such cases, they can be regarded as random
variables. Moreover, considering that the experts' ambiguous understanding of means and variances of random variables,
it is more appropriate to interpret them as random fuzzy random variables. In such circumstances, the problems should be
formulated as multiobjective random fuzzy linear programming problems.

Now let T be a collection of all possible Gaussian random variables N (s, 0%) where s € (—o0,00) and 62 € (0, ). Then,

¢ 1j is expressed as a random fuzzy variable with the membership function

MEU(VU) = {Hﬁlj(szj)|]71j~N(Szj:Uzzj)};vfzj er. ©)

Using the Zadeh’s extension principle, each objective function ¢ 1 X is expressed as a random fuzzy variable characterized
by the membership function

n
@) 2 sup min e (7))@ = ) 7y bV, ©)
71 <jsn Cij =

where ¥; = (V11,.- Vin)-

By substituting (5) into (6), the membership function of a random fuzzy variable corresponding to the objective function
C_'lx in (3) is rewritten as
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n n
;~N Zs,jxj,Zalzjsz } 7)

() £ sup {f?,-ié‘n“ﬁl J(s1)
= =

where S = (Slli ...,Sln).

Observing ¢ 1 X is expressed as a random fuzzy variable with the membership function HE defined by (7), it is significant

to realize that the fuzzy random programming models cannot be applied.

Assuming that the decision maker (DM) concerns about the probability that each of the objective function values ¢ 1 X 1s
smaller than or equal to a certain target values f;, we introduce the probability P(w | C(w)x < f,) which is expressed as a

fuzzy set P, with the membership function
s, (1) = supg, {uz,, (@)|pr = Pl (@) < )}, (8)
where f;,l = 1, ..., k are the initial target values specified by the DMs as constants.

Considering the imprecise nature of the DMs’ judgments for the probabilities P, with respect to the random fuzzy

objective values ax, l =1,...,k, we introduce the fuzzy goals G;,| = 1, ..., k such as ' P, should be greater than or equal
to a certain value.”” Such fuzzy goals G,,[ = 1, ..., k can be quantified by eliciting corresponding membership functions

0 if p<pf
ue @ =49/ ifpl<ps<p,l=1..k ©9)
1 ifpl <p

where g;(p),l = 1, ..., k are nondecreasing functions. Figure 2 illustrates a possible shape of the membership function for
the fuzzy goal G,.

He ®

=y

0] PP P

Figure 2. An example of a membership function ug, (p) of a fuzzy goal G,

Recalling that the membership function is regarded as a possibility distribution, the degree of possibility that the
probability P, attains the fuzzy goal G, is expressed as

H;,Z(GI) £ sup min{up, (p), pg, (P}, L = 1, ..., k. (10)
P
Figure 3 illustrates the degree of possibility le((?l).

1 He @)
T(G)freveeoeensforen X

0 P ol p

Figure 3. The degree of possibility le(él)
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Now, assuming that the DM would like to minimize the objective functions ax, I =1, ..., k under the condition that the
degrees of possibility with respect to the attained probabilities are greater than or equal to certain permissible levels, we
consider the multiobjective programming problem

minimize f;

minimize f1 B an
subjectto M5, (G) = hyl=1,...k
Ax = b,x =0,

where h;,l = 1, ..., k are permissible possibility levels specified by the DM.

To consider the imprecise nature of human judgments for the target variables f;,l = 1, ..., k, by introducing the fuzzy
goals characterized by the nonincreasing concave and continuous membership functions y;, I = 1, ..., k, we consider the
fuzzy multiobjective programming problem

maximize 4 (f;) ]

maximize #k(fk} (12)
subjectto M (G,) = hyl=1,...k
Ax > b,x >0,

It should be noted here that (12) involves the possibility constraints le(él) > h,l=1,..,k, solution methods for

ordinary mathematical programming problems cannot be directly applied. Fortunately, however, the following theorem
holds for the constraints Hﬁl(Gl) =>h,l=1,..,kin(12).

Theorem 1 Let ¢ denote a probability distribution function of the standard Gaussian random variable N(0,1). Then,
Hﬁl(Gl) > h;,l=1,..,kin (12) is equivalently transformed into

{mlj - L*(hl)al]-}xj + ‘D_l (#El(hl)) (13)

1

n
j=

where L*(h;) is a pseudo inverse functions defined as L*(h;) = sup{t|L(t) = h;,7 = 0} and ®~ 1 is the inverse function
of ®.

Pr oof

From (10), the possibility constraints I1 pl(Gl) = h; in (12) or (12) are equivalently replaced by the conditions that there
exists a p; such that up (p,) = h; and p¢,(p) = hy, namely,
n n
51_1p1r<nki£1 {#Mljk(slj)l p = P(wli(w) < f),4~N (Z S1i%Xj, 012]"‘]'2)} =N (14)
5 GsEEn =1 =1
and p; = ,ugl (hy) , where s;=(s;,..,S,) and ugl(hl) is a pseudo inverse function defined as

ygl(hl) = sup{pl|ugl (p) = hl}. This implies that there exists a vector (p;, S;, %;) such that

S1j%j»
1 j

1<ks=n

J

n n
min ,u,qu(slj) > hl,ﬁl~N< alzjxf),pl = P(w|t(w) < fi),p1 = ,u%l(hl), (15)

1
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which can be equivalently transformed into the condition that there exists a vector (s;, %;) such that

n n
#Mlj(slj) = hl,j = 1, ey, n, l_ll“’N Slj.x]',z O'lzj.X'jZ ,P((A)lﬁl(a)) < fl)r 19 > Hg'l(hl) (16)
=1 =1
In view of (4), it follows that
(s1) = by & sy € [my; — L*(h)ayj, my; + R* () By, (17)

where L*(h;) and R*(h;) are pseudo inverse functions defined as L*(h;) = sup{t|L(t) = h;} and R*(h;) =
sup{t|L(t) = h;}. Hence, (16) is rewritten as the equivalent condition that there exists a &; such that

n n
P(wla(w) < f),py 2 pg, (R, @ ~N (Z{m” — L*(h)ay;}x;, alzjsz) (18)
j=1 j=1

J

Since P(w|t;(w) < f;) is transformed into

w (@) = Xy {my; — L (R ay < fi = Xhea{myy; — L () g}

(19)
n 2.2 n 2.2
/ j=1915%; 1[ j=191j%;

Plw |

in consideration of

ﬁl - 2?=1{mlj - L*(hl)alj}xj

~N(0,1),
(20)
N Yja 0
(18) is equivalently transformed as
fi = X {my; — L*(h)agtx; .
¢ l J 1{ U l 11} J Zﬂgl(hz) @1
1’ j=105%
where ¢! is the inverse function of ¢.
This completes the proof of the theorem.
Due to Theorem 1, the fuzzy multiobjective programming problem (12) is equivalently transformed into
maximize p;(f1)
maximize g (fi)
n
subject to Z{m” — L (hay)x; + @t (NEl(hl)) (22)
=1
l=1,..,k
x=bx=0

or equivalently
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maximize (ZHF(x)) \I

\ (23)
maximize (Z,?F(x)) |
subjectto Ax >b,x > 0)

’

Where

20 () = ) gy = (e g + 077 (1, () (24)
j=1

From the viewpoint of reliability assurance, considering that the DM often feels that the attained probability p; should be
greater than or equal to at least 1/2, it would be natural to assume that ug, (p,) = 0 for any p; > 1/2,1 =1, ..., k. Then,

each of the objective functions Z ln'F (x),1 =1, ..., k is convex due to the property of ¢p~1 (#Ek (hk)) =0.

Observing that (23) can be regarded as a multiobjective programming problem, a complete optimal solution that
simultaneously minimizes all of the objective functions does not always exist when the objective functions conflict with
each other. Thus, instead of a complete optimal solution, a solution concept of Pareto optimality plays an important role in
multiobjective programming ). However, in general there exist an infinite number of Pareto optimal solutions if the
feasible region is not empty. In real-world decision making problems, to make a reasonable decision or implement a
desirable scheme, the decision maker should select one point from among the set of Pareto optimal solutions (.

In order to generate a candidate for the satisficing solution which is also Pareto optimal, the DM is asked to specify the
reference membership levels of y;(f;),l = 1, ..., k °. For the reference membership levels fi;, | = 1, ..., k specified by the
DM, the corresponding Pareto optimal solution, which is, in the minimax sense, nearest it to the requirement or better than
that if the reference membership levels are attainable, is obtained by solving the augmented minimax problem

k

minimize max, {ﬁz - (Z{[.F(x)) +pz (ﬁl — 1 (Z;T'F(x)))}\

=1 (25)
subjectto Ax<b,x=>0
or equivalently
minimize v .
subject to A= (Z{LF(x)) + Pz <ﬁz —H (Zzn'p(x))) <v
- 3 (26)

where p is a sufficiently small positive number.

From the assumption that the membership functions y;, L = 1, ..., k are nonincreasing and concave, letting g;(x) = fi; —

U (ZF‘F (x)), for any x; and x, satisfying Ax < b, x > 0 and any A € [0,1], the convexity property of g;(x) is shown as
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g1(Ax; + (1 = Dxy)
= = (2] Qxy + (1= D))
< = (221 ) + (L= D2 (xy) 27)
<= (2 () - A= Dz (x)

_, (ﬁz s (Zl“'F(xl))) +(1-2 (ﬁl - W (Zlan(xz)))

Recalling that the sum of convex functions is also convex, one finds that each of the left-hand side functions of the
constraints in (26), expressed as g,(x) + p ¥¥ , g;(x), is also convex, which implies that (26) can be solved by a
traditional convex programming technique such as the sequential quadratic programming method #!#%,

Following the above discussions, we can now construct an interactive algorithm for deriving the satisficing solution for the
DM from among the Pareto optimal solution set.

Interactive fuzzy satisficing method
Step 1: Ask the DM to specify the membership functions p¢, and the permissible possibility levels h;, 1 = 1, ..., k.

Step 2: Set the initial reference membership levels at 1s, which can be viewed as the ideal values, i.e., 1;,l = 1, ..., k.
Step 3: For the current reference membership levels f;, 1 = 1, ..., k, solve the corresponding minimax problem (25).

Step 4: The DM is supplied with the corresponding Pareto optimal solution x*. If the DM is satisfied with the current
membership function values y; (Z ln‘F (x*)),l =1,...,k, then stop. Otherwise, ask the DM to update the reference

membership levels fi;,1 = 1, ..., k, and return to step 3.

It should be stressed for the DM that any improvement of one membership function value can be achieved only at the
expense of at least one of the other membership function values for the fixed permissible possibility levels h;, [ = 1, ..., k.

4 Numerical example

In order to illustrate the proposed interactive fuzzy satisficing method, as a numerical example of (3), consider the
two-objective random fuzzy linear programming problem formulated as:

minimize (ix

minimize sz

subjectto @1X¥ < by (28)
a,x < b, i
asx < b, J
x = (x4, Xy, X3, X4, X5, Xg, X7, Xg, Xg, X10)" = 0.

The numerical example was performed on a personal computer (processor: Intel Core 2 Duo 2.66GHz, memory: 2GB, OS:
Windows XP), and a Microsoft Visual C++ 9.0 C-Compiler was used.
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Table 1 shows values of coefficients of constraints a;, i = 1,2,3 and b; = 1,2,3 and Table 2 shows values of parameters of
random fuzzy variables myj, a; and alzj,l =1,2,j=1,2,3,4,5,6,7,89,10, where triangular fuzzy numbers are assumed

for M, (7).

Table 1. Values of coefficients in constraints

aiq a2 ai3 Aig Qs Qi a7 aig QAig Ai10 b
a; 1.00 3.00 4.00 2.00 5.00 2.00 2.00 1.00 3.00 6.00 60
a, 0.20 0.40 0.50 0.10 1.20 0.80 1.00 0.20 0.20 0.60 12.5
a; 3.00 2.00 6.00 1.00 3.00 0.00 0.00 0.00 0.00 0.00 100

Table 2. Values of my;, ay; and of;

Cn T Ci3 Ciy Cis Ci6 (% Cig Cio Cr10
m,; —2.00 —3.00 —2.00 —1.00 —1.50 —2.50 —4.00 —-3.00 —0.50 —-3.00
my; 0.20 0.40 0.50 0.10 1.20 0.80 1.00 0.20 0.20 0.60
oy 0.30 0.60 0.30 0.30 0.30 0.60 0.90 0.60 0.30 0.30
ay; 0.10 0.20 0.30 0.05 0.60 0.30 0.50 0.10 0.10 0.30
o‘%j 0.90 2.10 2.70 1.90 3.10 2.30 2.20 0.90 1.80 2.50
o'%j 0.10 0.10 0.20 0.05 0.40 0.30 0.40 0.10 0.10 0.60

Through the use of this numerical example, it is now appropriate to illustrate the proposed interactive fuzzy satisficing

method.

For illustrative purposes, assume that the DM subjectively determines the membership functions (9) for the probabilities

P, and P, as linear ones by assessing p? = 0.1, p? = 0.2, p{ = 0.9, p3 = 0.5 and

g1(@) =

p—0.1

0.8

,92(p) =

p—02
0.3

Also assume that the DM specifies the permissible possibility levels as h; = 0.8 and h, = 0.8.

Table 3. Interaction process

29

Interaction 1st 2nd 3rd
Ay 1.0 1.0 0.9
fiy 1.0 0.6 0.6

Ui (f1) 0.62 0.77 0.73

U (f2) 0.61 0.37 0.44
x, 1.95 3.71 4.13
x, 3.71 3.21 1.80
x, 3.39 4.32 1.92
x, 0.58 3.62 1.68
X 0.82 0.03 2.67
Xg 3.34 3.50 4.14
X, 3.30 3.47 1.14
Xg 4.54 4.48 6.32
X, 0.54 0.41 0.34
X, 1.44 0.05 1.36
fi —72.47 —84.11 —75.66
fa 10.08 12.46 11.14

84
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For the permissible possibility levels hy = h, = 0.8, the corresponding augmented minimax problem is solved, and the
obtained result is shown at the column labeled “Ist” in Table 3. DM is not satisfied with these values of objective
functions, and the DM updates the reference membership levels as (1.0, 0.6) for improving the values of objective
functions i, (f;) at the expense of u,(f;). For the updated reference membership levels, the corresponding augmented
minimax problem is solved, and the obtained result is shown at the column labeled “2nd” in Table 3.

A similar procedure continues until the DM is satisfied with the values of objective functions. In this example, we assume
that the satisficing solution for the DM is derived in the third interaction.

It should be emphasized here that, in the proposed interactive fuzzy satisficing method, through a series of update
procedures of the reference membership levels, it is possible to obtain a satisficing solution for the DM from among the
Pareto optimal solution set.

5 Conclusions

By considering the experts' ambiguous understanding of means and variances of random variables, in this paper, we first
formulated random fuzzy multiobjective linear programming problems. For tackling the formulated problems, it has been
assumed that the decision maker concerns about the probabilities that each of the objective function values is smaller than
or equal to a certain target value. By introducing the fuzzy goals of the decision maker for the probabilities and assuming
that the decision maker is willing to maximize the degrees of possibility with respect to the attained probability, an
interactive fuzzy satisficing method has been presented for deriving a satisficing solution for the decision maker by
updating the reference membership levels. It should be emphasized here that the augmented minimax problems for
obtaining Pareto optimal solutions can be solved through some convex programming techniques such as the sequential
quadratic programming method. An illustrative numerical example was provided to demonstrate the feasibility of the
proposed method. However, further computational experiences should be carried out for several types of numerical
examples. From such experiences the proposed computational method must be revised. As a subject of future work,
applications of the proposed method to the real world decision making situations should be considered in the near future.
Extensions to other stochastic programming models will be considered elsewhere. Also extensions to integer
programming problems involving random fuzzy variable coefficients will be required in the near future.
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