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Abstract

In the present paper afuzzy bilevel optimization problem isunder discussion. The purpose of the paper consistsin finding
an optimal solution for this problem. Besides the two well-known approaches (pessimistic and optimistic) there exists a
quite new selection function approach, which we present here. A sensible attempt to solve a fuzzy bilevel optimization
problem through reformulation to a crisp bilevel optimization problem is considered. Using Yager ranking indices
technique an agorithm for searching an optimal solution of the fuzzy bilevel optimization problem is described.
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1 Introduction

Bilevel programming problems are challenging problems of mathematical optimization, which are interesting from the
theoretical point-of-view (sinceit isaspecial casein nonsmooth optimization) and have avariety of applications. They are
hierarchical problems of two decision makers, in which one - the so-called leader - has the first choice and the other one -
the so-called follower - reacts optimally on the leader's selection. The formulation of the bilevel programming problem for
crisp (i.e. with exactly known) data can be found ™. Problems with a predominantly hierarchical structure as a
decision-making process are extremely practical to such decentralized systems as agriculture, government policy,
economic systems, finance, warfare and are especially suitable for conflict resolutions!™.

Considering the inherently difficult nature of bilevel problems due to their nonconvexity, nonsmoothness and implicitly
determined feasible set, it is difficult to design convergent algorithms, and the few algorithms that converge appear to be
slow most of the time. Even in the smplest case, i.e. when the upper and lower level problems are crisp and linear, the
bilevel programming problem has been shown to be NP-hard 1 9,

Moreover, in practical situations data are often not known exactly, i.e. only (subjective) estimates are provided. One
commonly used approach to deal with these problemsis to model them as fuzzy optimization problems ™. This approach
proved very useful in many applied sciences, such as economics, physics &Y.

As it was shown 2 the Y ager ranking indices approach can be very useful in solving (single level) fuzzy optimization
problems. In the present paper each fuzzy optimization problem is solved by its reformulation into the crisp optimization
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problem using the Y ager ranking indices [*¥. According to Liu and Kao [*?, an optimal solution for a fixed parameter is
then taken as an optimal solution of the initial fuzzy optimization problem.

The above concepts are combined, if the datainvolved in the bilevel optimization problem are known only approximately.
A number of fuzzy bilevel programming problems can be found in Dempe et a. ™, Dempe and Starostina ™ and
references therein. While some convergent algorithms for crisp bilevel problems exist in the literature (see e.g. Dempe ¥,
Bard and Moore 9, Ishizuka and Aiyoshi [*"), solution strategies for fuzzy bilevel programming problems are an
emerging new field with awide range of practical applicability. One of the main problems of alarge amount of strategies
developed for fuzzy bilevel optimization is alack of ability to solve bilevel optimization problem. Some of the authors
solve this problem as biobjective optimization problems . This approach was criticized in Dempe ' as one, that does
not lead to a satisfactory solution.

In the present paper we introduce a sensible attempt to solve fuzzy bilevel optimization problems, that is organized as
follows.

Basic notions, such as fuzzy set and fuzzy number, operations on fuzzy numbers, fuzzy order and fuzzy function are
presented in Section 2.

A genera formulation and our concepts of the bilevel fuzzy optimization are given in Section 3.
The Y ager ranking indices technique is formulated for normalized continuous triangular fuzzy numbers in Section 4.

The developed algorithm solves a fuzzy bilevel optimization problem by means of its reformulation to a crisp bilevel
optimization problem. For solution of the crisp bilevel optimization problem itself an algorithmis devel oped. Thissolution
algorithm based on a switch between two (upper and lower) levels is presented in Section 5 for the fuzzy linear bilevel
programming problem.

To show that the proposed method is useful in solving real-world problems, the paper is concluded with an illustrative
example (the linear toll problem with afuzzy flow problem on the lower level) in Section 6.

2 Preliminaries

In this Section we give such basic definitions as fuzzy set and its level-cut, fuzzy number and its level-cut, fuzzy order,
operations with fuzzy (and crisp) numbers and fuzzy function.

2.1 Fuzzy set and fuzzy number
Definition 1. A fuzzy set C is defined as a pair (C,u) , where C is a crisp set (CcR) and u.:C—[0,1] is a

membership function of the fuzzy set . For each element xe C, the value of £/ (X) iscalled the grade of membership
of X inC.

Corollary 1. The empty fuzzy set is defined with its membership function 4 = 0, i.e. isthe same as a crisp empty set.
Definition 2. A fuzzy set C is convex, when for al X, ye C andfor al Ae[0,1] thefollowing inequality holds true:

He (AX+ (1= Ay)) 2 min{ 41 (X), 4 (V)}
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A fuzzy number is an extension of aregular number in the sense that it does not refer to one single value but rather to a
connected set of possible values, where each possible value has its own "weight" between O and 1. This "weight" is

called the membership function. A fuzzy number is thus a special case of a convex fuzzy set. More precisely a fuzzy
number was defined by Dubois and Prade [* as follows.

Definition 3. A real fuzzy number N is a convex continuous fuzzy subset of the real line, whose membership function

My is
e A continuous mapping from R to the closed interval [0,1];
e Congtant on (—oo,C) : L (X) = OVXeE (—oo,C] ;
e Strictly increasingon [C, ] ;
e Constanton [a,b]: 1,(X) =1Vxe[ab];
e  Strictly decreasing on [b,d];
o Congtanton (d,+e0): 1. (X) =0Vxe[d,+e0).
Here &,b,C and d arereal numbers.
Within this Definition we say that ££,(X) isthetruth value of the assertion "the value of A is X ".
The simplest way to define afuzzy number i is presented by e.g. Buckley " as

Definition 4. A continuous triangular fuzzy number A is represented with atriple(n, , N, Ng) , where N, <N <N,

and the membership function £, is piecewise-linear.

A possible membership function of triangular fuzzy number i is presented on Figure 1.

Figure 1. A possible membership function of triangular fuzzy number n

Published by Sciedu Press 57



www.sciedu.calair Artificial Intelligence Research, 2013, Vol. 2, No. 1

Definition 5. A level-cut (o -cut, o -level) of a fuzzy number € is a special threshold described as an interva
[c (o), cx()] © R for somefixed o€ [0,1] (seeFigure5). Here C_ () and C(¢r) represent left- and right-hand

side bounds of the fuzzy number € on this certain « -cut.

ualx)

-t

0 cria) crla) T

Figure 2. « -cut of fuzzy number C
Proposition 1. Without loss of generality, from now on we assume that0 =0 e

1, x=0;

”O(X):{o x# 0.

Let us extend the concept of afuzzy set to a space of fuzzy numbers and a fuzzy number to afuzzy vector.

Definition 6. A fuzzy vector € is an element of the fuzzy space over R" enriched with the nontrivial membership

function £ .

Definition 7. A space of fuzzy numbers F" isdefined as a space of all fuzzy vectors,
2.2 Operations

Now we give some propositions as respects to the operations on fuzzy vectors. Operations on fuzzy numbers obviously are
corollaries.

Proposition 2. Two fuzzy numbers are equa if and only if they have the same membership functions.

Proposition 3. Letd,be F". Then the sum of two fuzzy vectors d+be F" isdefined as

(a+b), =[a (@) +by (@), ag(e) +bg(@)]

where 8, (&) and a5(¢x) areleft- and right-side values of the fuzzy vector & onacertain ¢ -cut. The same notation is

used for the fuzzy vector 6 .
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2.3 Fuzzy function
To investigate fuzzy optimization problems we have to define such notions as fuzzy function and its ¢ -cut 2.

Definition 8. A fuzzy function f isanimage, such that for every real number / vector %, it setsto conformity a fuzzy

number / vector f (x,)e R".
Definition 9. An ¢ -cut of afuzzy function f(X) isdefined asan interval f(x)[a] = (X o), fo(xa)].

An ¢ -cut of afuzzy function f(X) isassumed to be aclosed and bounded interval. Thus, f (X)[¢7] is fully described

using the functions f, (X, ) and fo(X, &) , which are called the left- and right-hand side functions for the certain o
-level of the fuzzy function f (X) . Later let us consider the functions f, (X, ) and fo(X, &) dependingon x and ¢ .
Following Panigrahi et a. ™, it is assumed that f (X, ) is a bounded increasing and f;(X, @) is a bounded

decreasing functions of & . Moreover, itisobviousthat f, (X, &) < fo(X @) fordl e [0,1].

Definition 10. The fuzzy function f () is called convex if for al aze [0,1] the functions f, (-,@) and f.(-, ) are

convex 23,

Continuity and differentiability of the fuzzy function f(x) can a so be defined through continuity and differentiability of
the left- and right-hand side functions for the fixed aspiration level ¢ .

3 General formulation and basic concepts

Let theleader select afuzzy solution€e F", where F" isthe set of fuzzy vectorsover R" . Then thefollower'stask isto
solve the problem

min{ f(€.x):9(x) <0} (1)
Where
« f(€,X):F"XR" > F isan objective fuzzy function,
« 9(X): R" > RP isaconstraint crisp function,
« X(€) ={x:9(x) <0} isafeasibleset.
Let W(€) denote the set of optimal solutions of fuzzy optimization problem (1), i.e.

¥(C) =ar9mxin{f(5,x)19(x)30} @)
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Then, the leader's aim is to minimize the upper level fuzzy function F (€, X) subject to €€ F" and xe W(€) . In

general, the problem of determining the best solution ¢ for the leader can be described as that of findi ng a vector of
parameters for fuzzy parametric optimization problem (1), which together with the response to the follower's decision

X(€) € W(€) provesto give the best possible value for the upper level objective function F (€, X) . That is
"min"{F (¢, x): xe ¥(€)} (3)

Strictly speaking, this definition of the fuzzy bilevel programming problem is valid only in the case of a uniquely
determined lower level solution for each possible€, i.e. for| W(€) |= 1. The quotation marks in (3) have been used to
express this uncertainty in the definition in case of non-uniquely determined solutions.

The assumption that the set of optimal solutions of fuzzy optimization problem (1) reduces to a singleton often is not
satisfied ?. That isvery common in the fuzzy case of bilevel optimization problems. There exist three possibilities to deal

with such kind of problem under assumption that the follower would choose a certain solution.

e The optimistic approach can be used in cooperative case and under assumption that the follower takes the best
solutionin W(€) for the leader.

e The pessimistic approach can be used in non-cooperative case when the leader needs to bound a damage of the
follower's choice.

e Thefollower can select the solution according to a selection function. This approach we call selection function
approach and describe it in the present paper.

Let us denote some element of W(€) by X(€) and assume, that this choice is a fixed selection function for all possible

€e F" ", The vector of parameters & describes the "environmental data" for the fuzzy lower level problem (1). The
aim of the fuzzy bilevel programming problem isthen to select € such that it is an optimal onein this sense:

F(C,x(€)) = min €)

eeR"

We suggest to compute the selection function X(€) using the Y ager ranking indices technique. The classical definition in
area compensation is defined in Liu and Kao 1*? asfollows.

Definition 11. For afuzzy number & € C the Yager index is computed as
~ 1
|(d) = [ [d, (@) + de(@)lder )

where [d, (@), dx ()] isan o -cut of the fuzzy number d.

Let us define for afuzzy vector € = (C,...,C,) the Yager-index as avector

1©)=(1(&).- 1 6).
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Hence, the function | (€) also possesses the properties of linearity and additivity. In the present paper we adopt this
method for ranking the objective functions' values (in the lower level).

The aim of the next sectionsis to compute a selection function X(€) € W(€) using the Y ager ranking indices technique

onthe lower level. Then we find an optimal solution of the fuzzy bilevel optimization problem with the selection function
approach.

4 Fuzzy bilevel optimization problem
For realizing thisideainstead of problem (3) we investigate the fuzzy linear bilevel optimization problem
F(€,X) = min
&eR" (6)
st.xe ¥(€)

with an n -dimensiona vector of decision variables X under the assumption that the upper level objective function
F (C, X) is continuous convex fuzzy function.

Here
W (€) =argmin{€"'x: xe X} ©)

isthe set of the optimal solutions on the lower level,

o X ={X:AX=Db,x>0} isthefeasible set,
e Ac R™" isthe constraint matrix,

e be R" istheright-hand side vector.

The intention to write (7) means that the lower level fuzzy optimization problem is stated as

E"™x—> min
(8)
Xe X

The solution approach to the fuzzy optimization problem supposes to deal with non-comparable nature of fuzzy numbers/
vectors ?. Thus, we suggest the following.

According to Liu and Kao [*?, as areformulation of fuzzy optimization problem (8) we obtain the following optimization
problem on the lower level:

(€)' x— min ©
xe X.
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Thus, ¥, (€) =argmin{! (€)X: xe X}.
X
Suppose that fuzzy numbers are defined as (normalized) continuous triangular fuzzy numbersC = (CL ' Cr CR) , Wwhere
C.,C;,Cr€ R" (see Definition 4).
Thenitis easy to calculate the ¢ -cuts:
G.(@) = (¢ —C )+ andcy (@) = (G —Cr)ar+ Gy

Using Definition 5 the Y ager-index for this particular caseis defined as
o1 1
I (C) = E(CT +E[CL + CR]] (10

This simplifies problem (9) that is already a crisp optimization problem. And now the initial fuzzy bilevel optimization
problem (6) is transformed into

F(1(€),X) = min
1(€)eR"

st.l (C)TX - min.

xe X

(11)

5 Algorithm

In this Section asolution algorithm for fuzzy bilevel optimization problem (6) is described. We have presented derivations
of this problem to crisp bilevel optimization problem (11). To find an optimal solution of problem (11) we suppose to do
the following.

STEP 1. For the fixed fuzzy vector & compute the Y ager-index | (€) and an optimal solution X (1 (€)) € ¥(I (€)) of
fuzzy lower level problem (9).

If the optimal solution of lower level problem (9) is not unique, take the best one with respect to the upper level function

F(1(€),x).
STEP 2. Fix thissolution X := X (I (€)) of thefollower's problem and solve the upper level problem

F(1(€),x) = min
1(€)eR" (12)
stxX (1(€)) e ¥ (I (€)).

STEP 3. Now fix the optimal solution | (€) of problem (12) and repeat Steps 1 to 3 until the solution stops changing.

Then the pair (1" (€), X ) isan optimal solution of bilevel programming problem (11) in sense of Dempe 2.
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STEP 4. Now the inverse function to |~ (C) has to be found. For the case of triangular fuzzy vectors, according to (10),
we choose an optimal € = (C_,C;,Cy) suchthatC, = 17(€), ¢, +C, =21 (€) and obviously €, < C; < Cy. With
such a triple (C*L,C;,C;) the fuzzy vector ¢ can be defined by a symmetrical membership function for which

C. —C, =C,—C; holdstrue This € hasthe Yager-index equal to| (C).

Then the pair (C* , X*) isan optimal solution of the initial fuzzy bilevel optimization problem (6).

6 Example

To accomplish the discussion it isinteresting to explain the results by giving a special example - the traffic problem with
fuzzy cost coefficients. There the network G = (V, E) consist of anode set V' for junctions and an edge set E containing

all streets connecting the junctions. Let the upper level objective function F(C,X) = (€)™ X measure the collected
money through the traffic network G , where ¢! € C,_, isavector of the crisp toll chargesand xe X isatraffic flow.

LetusdefineasetC,, ={c:ce ZM c<T},where T isagiven upper boundand T < E isaset of all toll roads.

Let the lower level objective function f (C,X) measurethe quality of theflow X , which depends on the toll charges ¢

IE| [El

and the usual user's fuzzy costs such as eg. fued €€ C™' | i.e. ce R™ . A possble redization could be

f(c,x)=(c" +¢&)"x.
Computing the system optimum in the traffic network means that we maximize the collected money for the leader as the
upper level objective function value F (C, X) and minimize the total costs for the travel of all users (that we describe as

one follower) in the network as the lower level objective function value f (C, X) . Clearly these costs do not only depend

on the fuzzy costs € for traversing the edges but also on the collected toll charges

ool = Ctpouy peT
P 0, peT

where T € E isaset of dl toll roads. Assume that in the network G there exists at least one toll-free path (i.e. C, is
bounded).

Using this problem a user equilibrium traffic flow can be computed provided that the costs Ce for traversing the edge
ec E areapproximately known, i.e. have fuzzy values, and depend on the flow over this edge. Using fuzzy travel costs,
the computation of the traffic flow reduces to a fuzzy network flow problem.

Assumethat v units of a certain good should be transported with minimal for the users (follower) overall costs from the

origin Se V to the destination d € V through the traffic network G. The problem is to compute optimal amounts of
transported goods on the streets of the network.
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Let X, = X, denote the amount of transported units over the edge €= (K,|) € E, that connects two vertices k and |

(k,leV).Let O, (I,) denotethe set of al edgesleaving (entering) the nodek .

Assume that the streets may have different capacities and let the flow X, on the edge € be bounded by the capacity U, .

Thisisexpressed in theinequality (15) given below. The constraint (16) is used to guaranteethat the total incoming flow is
equal to the total outgoing flow. Moreover, the outgoing flow at the origin equalsto v (see (17)).

F(c,x) = Zc“’”xe - tgpa);” (13)
stf(c,x) =Y Ex+ Y %, — min (14)
por p— x

x<u ~ VecE (15)
DX =2 % =0, VleV\{sd} (16)

r i
glxks ;Xs- =-v (17)
%X, =0 (18)

Problem (13)-(18) posesinaformof (8) and W/ (€) isthe optimal solution set of problem (14)-(18). (Familiar formulation
for the lower level problem in acrisp case can be found in Dempe and Lohse %).

Description of a numerical exampleisthe following (for S=1 andd = 4):

F(C.X) = 013X G X5 + G5 X5y = i
Con 1081
sitf (€, X) =3x, + (B+C2 ) x5+ (B+C ) Xyg + 7y + (3+C9 ) Xy, — min

X, + X5 =90 0<x,<90
Xoq F %y =90 0<x,<90
with demand and capacity 0< X,, <60
Xp = X5+ X 0<x,, <30
Xis + X = X 0<%, <90

The corresponding traffic network isillustrated in Figure 3.
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YD
(30)

Figure 3. The example of the traffic network

L et fuzzy numbers be defined as continuous triangular fuzzy numbers: 3=(2,3,5) and7 = (5,7,8) . These fuzzy numbers

could be described through the corresponding left- and right-hand side function on¢r, i.e. 3 is described as a pair of
functions @+ 2 and —2ar+5 for o< [0,1]. Analogously, 7 is presented by 2¢+5 and —r +8 for e [0,1].

Thus, it makes possible to compute Y ager index for our future derivations without any troubles. Using (5) we compute
Y ager-indices:

1(3)=3,25 1(7)=7,25. (19)
Now let usimplement the above described algorithm for this example.

STEP 1 (Jteration 1). Fix the vector of toll parameters ¢° := (C, Cy,, Cy) = (0,0,0) and compute an optimal solution

of the lower level problem with the following objective function
f(€°,X) =3, + 3% + 3%y + X, + 3%y, (20)
Using results from (19) fuzzy lower level problem (20) can be stated as a crisp linear optimization problem
f (c°, X) = 3,25%,, + 3, 25X, + 3, 25%,, + 7, 25X,, + 3, 25X,, (21)
with the same demands and constraints. This problem has as an optimal solution a vector X = (0,90,0,0,90).

STEP 2. Now with the fixed solution )(1 of lower level problem (21) we solve the following upper level problem:

toll

F(c,X)=c2'90+cy 0+cY'90 — max

22
ce[0,9] (2

toll  Atoll

where ¢ = (= c2',C',Cio') and an optimal solutionis €' = (Cl;, Ck, Cs,) = (5,0,5) (Ch, = Co).

STEP 3. Fix ¢ =(5,0,5) andgoto STEP 1.
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STEP 1 (Iteration 2). Now we solve initial lower level problem with the fixed vector C:
f(c',x) = 3%, +8x3 +3%,; + 7%y, +8x,,, (23)
Where 8=(7,8,10) and | (8) =8, 25.
Thus, we obtain the following crisp optimization problem:
f (c',X) = 3,25x, +8, 25X, + 3, 25X,, + 7, 25X, +8X,,. (24)
An optimal solution of problem (24) is X, = (90,0,60, 30, 60) .

STEP 2. With the fixed solution X2 on lower level we solve the following upper level problem:

toll

F(c,x) =2 0+c2' 60+cY' 60 — max
ce[0,9]

(25
where an optimal solution is €% = (C5,C5;,¢2,) = (5,5,5) (C% = Cp).
STEP 3. Fix ¢* =(5,5,5) and goto STEP 1.
STEP 1 (lteration 3). With the fixed vector c? theinitial lower level problem has to be solved
f(c?,X) = 3x, +8x; + 8%, + 7x,, +8x,, (26)
Applying Y ager ranking indexes technique to fuzzy optimization problem (26), we obtain the following problem:
f(c?,X) = 3,25x,, +8,25X,, + 8, 25X, + 7, 25X, +8X,,. (27)

An optimal solution of this problemis X, = (30, 60,0,30,60) .

STEP 2. With the fixed solution )(3 on lower level the following upper level problem hasto be solved

toll

F () =160+ G 0+ ¢l
ce[0,5]

60 — max
(28)

where an optimal solutionis ¢* = (¢}, ¢, ¢5,) = (5,5,5) (¢ :=Cp).

It is easy to see that as soon as an optimal solution X of the lower level optimization problem remains to be optimal, the

pair (C3, XS) isan optimal solution of the initial fuzzy bilevel programming problem in sense of Dempe %!,
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7 Conclusions

A first attempt for developing an algorithm solving the fuzzy bilevel optimization problem is described in the present
paper. At the lower level the fuzzy linear optimization problem is solved by the Yager-index ranking technique. This
solution is taken to find with a selection function approach an optimal solution on the upper level. This method is
illustrated on the exampl e of the traffic problem with given fuzzy costs.

Obviously, the method can be extended to the nonlinear but convex and continuous fuzzy optimization problems on the
lower level.
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