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Abstract

By using the properties of strong fuzzy Henstock integrals, the existence theorems of solution for a kind of the
discontinuous fuzzy Fredholm integral equations are established. The results are generalizations of earlier investigation for
fuzzy continuous systems.
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1 Introduction

To introduce the problem which is considered in this paper, let us consider the general discontinuous fuzzy system defined
by the following initial value problem of a fuzzy Fredholm integral equation.

x(t) = f(t)+.|'0a kl(t,s)x(s)ds+.|.0a k,(t,5)g(x, x())ds,tel =[0,al,acR" (L1

Where f, g, X are fuzzy-number-valued functions with some discontinuity and integrals are taken in the sense of strong

fuzzy Henstock integrals. Because there are discontinuous systems in which the f, g, X are not integrable in the sense of

Kaleva, our results are generalizations of earlier investigation for fuzzy continuous systems.

It is well-known that the Henstock integral includes the Riemann, improper Riemann, Lebesgue and Newton integrals.
Though such an integral was defined by Denjoy in 1912 and also by Perron in 1914, it was difficult to handle using their
definitions. But with the Riemann-type definition introduced more recently by Henstock ™ in 1963 and also independently
by Kurzweil 12, the definition is now simple and furthermore the proof involving the integral also turns out to be easy. For
more detailed results about the Henstock integral, we refer to . Since the concept of fuzzy sets was first introduced by
Zadeh in 1965, it has been studied extensively from many different aspects of the theory and applications, especially in
information science, such as linguistic information system and approximate reasoning, fuzzy topology, fuzzy analysis,
fuzzy decision making, fuzzy logic and so on. It is well known that the theory of fuzzy sets provides an effective means of
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describing the behavior of system which are too complex or too ill-defined to admit precise mathematical analysis by
classical methods and tools. Recently, Wu and Gong “ have combined the above theories and discussed the fuzzy
Henstock integrals of fuzzy-number-valued functions which extended Kaleva integration. In order to complete the theory
of fuzzy calculus and to meet the solving need of transferring a fuzzy differential equation into a fuzzy integral equation,
we B % have defined the strong fuzzy Henstock integrals and discussed some of their properties and the controlled
convergence theorems.

The Cauchy problems for fuzzy differential equations have been studied by several authors % on the metric space of
normal fuzzy convex set with the distance D given by the maximum of the Hausdorff distance between the
corresponding level sets. In 2002, Xue and Fu ™! established solutions to fuzzy differential equations with right-hand side
functions satisfying Caratheodory conditions on a class of Lipschitz fuzzy sets.

In this paper, on the existence of the solutions of fuzzy integral equations the Ascoli’ s theorem or metric fixed point
theorems are used. For the existence and uniqueness, the main tool is the Banach fixed point principle. Such results can be
found 21, Our fundamental tools are the Kuratowski measures of noncompactess and Monch fixed point theorem 8],
and the controlled convergence theorem of strong fuzzy Henstock integrals.

For any bounded subset A of a Banach space E we denote by «(A) the Kuratowski measures of noncompactess of A

i.e. the infimun of all & > 0 such that there exist a finite covering of A by set of diameter smaller than & . We denoted
a.

We will apply the following fixed point theorem.

Theorem 1.1 Let D be a closed convex subset of a Banach space E , and let F be a continuous map from D into
itself. If for some X € D the implication

V =con({x}UFV))=V 1.2)

is relatively compact, holds for every countable subset V of D, then F has a fixed point.

2 Preliminaries

2.1 Fuzzy numbers and fuzzy number space

Let Pk(R”) denote the family of all nonempty compact convex subset of R" and define the addition and scalar

multiplication in P, (R") as usual. Let A and B be two nonempty bounded subset of R". The distance between
A and B is defined by the Hausdorff metric ["):

d, (A, B):max{suping|a—b|,supinf |[b—al}. (1.3)

acA P beB €A

Denote E" ={u: R" —[0,1],u satisfies (1) — (4) below} is a fuzzy number space. Where

(1) U is normal, i.e. there exists an X, € R" such thatu(X,) =1;
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(2) U is fuzzy convex, i.e. U(AX+ (L—A)y) = min{u(x),u(y)} foranyx,y e R"and 0< A <1,
(3) U is upper semi-continuous;
@) [ul’ =cK{x € R"|u(x) > 0} is compact.
Define D: E"xE" — (0,+o0)
D(u,v) =sup{d ([u]".[v]") : e €[0,1]} (1.4)

where d, is the Hausdorff metric defined in P, (R"). Then it is easy see that D is a metric in E". Using the results 7,
we know that the metric space (E", D) has a linear structure, it can imbedded isomorphically as a cone in a Banach space
of functionu” : 1 xS" " — R, where S"™ is the unit sphere in R", which an imbedding function u” = j(u) defined

byu”(r,x) = sup (a,x).

ae[u]®
It is well know that the H -derivative for fuzzy functions was initially introduced by Puri and Ralescu [ and it is based in

the condition (H) of sets. In this paper, we consider a more general definition of a derivative for fuzzy number valued

functions enlarging the class of differentiable fuzzy number valued functions, which has been introduced &7,

Definition 2.1, Let f :(a,b) > E" and X, € (a,b). We say that f is differentiable at X,, if there exist an

element F'(to) e E", such that

(1) Forall h >0 sufficiently small, there exist I?(X0 +h)—, I?(XO) and I?(X0 +h)—, F(XO) , the limits

= i;'(Xo)

lim F(Xo +h)_H F(Xo) =1lim F(Xo)_H F(Xo _h)
h

h—0 h h—0

(2) Forall h >0 sufficiently small, there exist f~(XO) - f~(X0 +h) and f~(X0 -h)—, F(XO) , the limits

fim 007 T 1) e 06 =M = F060) _ oy
h—0 —h h—0 —h

(3) Forall h >0 sufficiently small, there exist l?(x0 +h)—, l?(xo) and f~(x0 -h)—, l?(xo) , the limits

f Ot = FOQ) o FO6—h) = F(x,) _

h—0 h h—0 —h

F'(%,)

(4) For all h >0 sufficiently small, there exist F(XO) —H F(X0 +h) and F(XO) - F(X0 —h), the limits
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lim f (XO)_H f (XO + h) —lim
h—0 —h h—0

= F’(Xo)-

F(Xo) " H i?(Xo — h)
h

2.2 The strong fuzzy Henstock integral
In this section we give the strong fuzzy Henstock integral in fuzzy number space and we give some properties of this
integral.

Definition 2.2 3. Let & > 0 be a function on [a,b]. A division P ={[c;,d,];s;} is said to be & -fine, if the

following conditions are satisfied:

(Ha=X, <X <:--<X,=b,

2 s; €lciy, ¢l (s —(s)),s; +(s)).

Definition 2.3 %, A function f :[a,b] — E" is strong fuzzy Henstock integrable on [a,b] ( f € SFH ([a,b],E")
if there exist a function F :[a,b] — E" with the following property: given & > O there exist a positive function & on

[a,b] suchthat P ={[c;,d;];s;} is atagged partition of [a,b], then

D1 ()@, ~c),F(le, 4. D) <.

where D is the Hausdorff metric of the distance between fuzzy numbers.

Definition 2.4 B ® Let f:1 — E" be a strong fuzzy Henstock integrable on [a,b] . Then the function

t
F(t)= J‘ f (s)ds , which is defined on subintervals of [a,b] and the integrals is in the sense of strong fuzzy Henstock,
a

is called the primitive of f .

t
Theorem 25 Let f : 1, — E" be astrong fuzzy Henstock integrable on [a,b] and let F(t) =I f (s)ds for each
a

se[a,b]. Then
(1) F is continuous on [a,b],
(2) F is differentiable almost everywhere on [a,b],

(3) f is measurable.

3 Main result
In this section, we will give the existence theorem of problem (1.1).
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For xeC(l,,E"), we define the norm of H(x0)=sup{D(x(t),0),tel },  Let
B(p)={xeC(l,,E"):D(X,0) < D(f,0)+ p}, p>0.

Note that this set is closed and convex.

We define the operator F : C(I ,E") > C(l,,E") by
F(X)(t) = f(t)+j:k1(t,s)x(s)ds+j:k2(t,s)g(s,x(t))ds,t el =[0,a],x e B(p).

Definition 3.1 ™ A function f : 1 — E" is a Caratheodory function if for each x € E", f (t,X) is measurable in

tel, andforalmostall tel,, f(t,X) iscontinuous with respectto X.

Definition 3.2 A continuous function X:1, = E " is said to be a solution of the problem (1.1) if it satisfies:
X(t) = f(t)+j:k1(t,s)x(s)ds+j:k2(t,s)g(x,x(t))ds,t el, =[0,al,acR".

t
Theorem 3.1 Suppose that V' is a countable set of SFH integrable functions. Let F ={L X(s)ds:xeV,tel_} be

.t v
an equicontinuous, equibounded and uniformly ACG" on I . Then a(j o IOV(S)dS) < _[0 a(joV(s))ds,tel ,
whenever a(j oV (S)) < @(S), @ is a Lebesgue integralble function and | is the the isometric embedding from

(E ", D) onto its range in the Banach space X and « is the the Kuratowski's measure of non-compactness of V .

Proof. Assume that Z is a linear subspace of E" . Because the function X is SFH integrable so for each

1 .
e=—>0,m=12,.--- there exists a positive function & such that: if P ={&,(t, ;,t;) :1<i < n} is a tagged
m

partition of | , subordinate to J,, then

D(J; x(s)ds, > X(&)(t ~t,.)) < &,

‘j;dH (x(s),Z)ds—Zn:dH (X(&), Z)( —t ) <etel, xeV.
We have
(X XE ~1.2).2) < X, (X(E). 2D 1),

then,
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d,, ( j; x(s)ds, Z) < j;dH (x(s), Z)ds.

Let I;V(s)ds ={j; X (s)ds:m=12,--}. Since the function t — d, (X, (t), E") is measurable on | , so the

function t > v(t) = a(joV (t)) = limd, (x, (t),E") is measure on I, . Moreover we have V(t) < ¢(t) ae.,

where @ is a Lebesgue integrable function. So, we have

d, (I;xm(s)ds,E”) SI;dH (x. (s),E")ds.

Hence, we get
. t . t t .
limd,, (jo x_(s)ds, E") < lim deH (xm(s),E”)olssj0 limd,, (x,, (t), E")ds.

So,

a(j oj;V(s)ds)Sj;a(j oV(s)ds,tel, .
The proof is completed.

Theorem 3.2 If the function f :1, — E" is SFH integrable, then

jf(t)dt el 1 [convf (1),

where | is an arbitrary subinterval of | .

Proof. Because jo f(t) is Henstock integration, by the mean value theorem for Henstock integral of real valued
function, we have

convjo f(I)=1]-joconvf(l).

But, by the definition of strong fuzzy Henstock integral, there exists J.I f(t)dt such that
(H)[ e f(dt=jo jl f(t)dt. So, jo f(t)dt el 1]-joconvf (1) for the imbedding function j . Because the
set {| I |-joconvf (I)}isaclosed convex set, this implies I f (t)dt g I |convf (I).

|
Theorem 3.3 Assume that for each continuous function x: 1, — E", g(-, X(-)) is SFH integrable and g is a

Caratheodory function. Let K;,k, : 1, x 1, — R™ be measurable functions such that K, (t,-),k, (t,”) are continuous.

Moreover, let there exists P, > 0 and a Caratheodory function @: 1, x R — R" with
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a(jog(s, X)) Lw(s,a(jo X)) forae. sel, and X < B(p), (3.1)

such that the zero function is the unique solution of the inequality
a(t) < 2[[ K, (t,s)a(s)ds + [k, (t, s)(s, q(s))ds].

Suppose that T"( po) is equicontinuous, equibounded and uniformly ACG " on I, . Then there exist at least solution of

the problem (1.1) on | for some 0 < ¢ < a with continuous initial function f .
Proof. By equicontinuty and equibounded of TI'(p,) there exist some number c(0<c<a), such that

D(j:[kl(t,s)x(s)+kz(t,s)g(s,x(t)]ds,O) < p,,for tel, and xe B(p,).

By assumption, the operator F is well defined and map B(p,) to B(p,). We now show that the operator F is

continuous. In fact, the function g is a Caratheodory function, so from inequality

H(F(x,),F(x))=H (IOC K, (t,8)(X, (8) = X(8)) + K, (t,5)(9 (s, X, (8)) = 9 (8, X(5))))ds,0)

we have F(X,) — F(X). Observe that a fixed point of F is the solution of the problem (1.1). Next we prove that F

has a fixed point using Theorem 1.1.

In fact, we assume that V < B(p,) satisfies condition V =con({x}UF(V)) for some Xe B(p,) . Let

V(t)={v(t) e E":veV}ortel, .SineV < B(p,), F(V) = T(p,).Then V =V =con({x}u F(V))

is equicontinuous.

Let J-:Z(S)dS:{J:X(S)dS:XeZ} for any ZeC(l_,E") and let § denote the mapping defined by

g(x(s)) = g(s, x(s)) foreach x € B(p,) and s € |,. Obviously, we have the following g (V (s)) = g(s,V (s))
and

FV®) = fO)+ [Tk LSV () + K, (6 )TV (s)]ds

hold ture. Using (3.1) and Theorem 3.1 and the properties of the measure of noncompactness & !, we have

a(jo (F(V)®)) =a(je (f(1)+ Joc[kl(t, SIV(s) +k, (t,8)G(V (s))]ds)) <

<2a(jo [ Tk (t.5)V (s) + k, (£, )GV (s))]ds))
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<2[" K, (L) oV () +K, (t,S)ax(j = GV (s))]ds

<2[ Tk (t S)ar(j oV (5)) +k, (t, S)r(j > GV (s))]ds
<2[ Tk, (6. ) oV (8)) + K, (t, S)eo(s, oV (5)))]ds

Because V = ﬁ({x}u F(V)), we have

v(t) = 2 jo Kk, (t, s)v(s)ds + jo K, (t, s)a(s, v(s))ds] .

By our assumptions, because the zero function is the unique continuous solution of the last inequality, we get
v(t) = a(joV(t)) = 0. By Arzela-Asocli’s theorem ™,V is relatively compact. So, by Theorem 1.1, F has a fixed
point which is a solution of the problem (1.1). The proof is completed.

4 Conclusions

In this paper, we deal with the Cauchy problem of discontinuous fuzzy differential equations involving the strong fuzzy
Henstock integral in fuzzy number space. The function governing the equations is supposed to be discontinuous with
respect to some variables and satisfy nonabsolute fuzzy integrability. Our result improves the result given ™ &8 (where

uniform continuity was required), as well as those referred therein.
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