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For the four-element Boolean algebra B3, a multisequent T'|A|S|TT is a generalization of sequent T' = A in traditional B-valued
first-order logic. By defining the truth-values of quantified formulas, a Gentzen deduction system G?3 for B3-valued first-order
logic will be built and its soundness and completeness theorems will be proved.
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1. INTRODUCTION

In traditional propositional logic,!!! the negation connective
- is eliminated via the following rules in a Gentzen deduction

system:
o, I'=AA n 1LA=A
R U R W
The truth-value of a sequent I' = A under an assignment v
is defined by a condition of (3 V 3)-form, that is, either some
formula A in I is false, or some formula B in A is true.

In B3-valued first-order logic, where B3 = ({t,T,
1,£},N, V) is the four-element Boolean algebra, a multise-
quent is a quandrupe (I, A, X, IT), where T, A, 3, T1 are sets
of formulas. Multisequent (T, A, X, IT) is true in a model M
and an assignment v if either

e some formula A in I' has truth-value t, or

e some formula B in A has truth-value T, or

e some formula C' in ¥ has truth-value L, or
e some formula D in II has truth-value f.

By the semantics, multisequents are different from hyper-
sequents.[>3 A sequent I' = A is taken as a multisequent
AlT.

Here, negation — commutes t with £ and T with L . Tradi-
tional deduction rules (—*) and (=?) do not work here.

For quantifiers, in traditional first-order logic, Yz A(x) is true
if for each element a, A(x/a) is true; and Vx A(x) is false if
for some element a, A(x/a) is false. In B3-valued first-order
logic, we define that Va A(x) has truth-value

o t if for each element a, A(z/a) has truth-value t;

o T if for some element b, A(z/b) has truth-value T, and for
each element a, A(x/a) has truth-value either t or T;

e | if for some element b, A(z/b) has truth-value L, and for
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each element a, A(z/a) has truth-value either t or L;

o £ if for some element a, A(x/a) has truth-value £.

In this paper, we will give a sound and complete Gentzen
deduction system G3“! for B3-valued first-order logic and
prove soundness and completeness theorems for B3-valued
first-order logic, that is, for any multisequent I'| A|X|IT,

e Soundness theorem: if T'|A|X|II is provable in G3 then
[|A|X|IT is valid;

e Completeness theorem: if I'|A|X|IT is valid then I'| A|X|IT
is provable in G2.

The paper is organized as follows: the next section gives
basic definitions in Bo-valued first-order logic; the third sec-
tion gives basic definitions of B2-valued first-order logic;
the fourth section gives Gentzen deduction system G3 for
B2-valued first-order logic and prove soundness and com-
pleteness theorem; the fifth section discusses the different
constructions of trees in the proof of completeness theorem,
and the last section concluded the paper.

2. MULTISEQUENT DEDUCTION SYSTEM
FOR B,-VALUED FIRST-ORDER LOGIC

Let L be a logical language of first-order logic which con-
tains the following symbols:
e constant symbols: cg, c1, ...;
e variable symbols: xg, 21, ...;
e function symbols: fo, f1,...;
e predicate symbol: pg, p1, ...; and
e logical connectives and quantifiers: =, A, V, V.
A term t is a string of the following forms:
tu=cl|f(ty, ..., tn),
where f is an n-ary function symbol.

54

A formula A is a string of the following forms:
A= p(th ...,tn)|_\A1|A1 A AQ‘Al V A2|VZA1($),

where p is an n-ary predicate symbol.

Let Bo = ({t,f},—,U,N) be the least Boolean algebra,
where
R |t
t|f t |t £ t
flt f £ £ f|t £

A model M is a pair (U, I), where U is a universe and I is an
interpretation such that for any constant symbol ¢, I(c) € U;
for any n-ary function symbol f, I(f) : U™ — U is a func-
tion; and for any n-ary predicate symbol p, I(p) : U™ — By
is a relation on U.

An assignment v is a function from variables to U. The inter-
pretation ¢V of t in (M, v) is

I(c) ift=c
the = ¢ w(x) ift=u
I, tho) ift = f(ty, .. ).
Given a formula A, define
I(p)(t]Y, .. th?) if A=p(ty,...,t)
—(ADY) if A=-4,
v(A) = ¢ v(A1) Nv(A) if A=Ay N A,
’U(Al)U’U(Ag) lfA:Al \/A2

min{v,/,(A1(x)) :a € U} if A=VrA ()

where for any variable y,

a otherwise.

Hence,

v(VzAi(z)) = tiff Aa € U(vy/q(A1(2)) = t)
v(VrAi(x)) = fiff Ea € U(vy/q(Ai(z)) = £),

where in syntax, we use -, A, —, ¥, 3 to denote logical con-
nectives and quantifiers; and in semantics we use ~, &,
=, A, E to denote the corresponding connectives and quan-
tifiers.

A formula A is satisfied in (I, v), denoted by I,v |= A, if
v(A) = t; Ais valid in I, denoted by I = A, if for any
assignment v, I, v = A; and A is valid, denoted by = A, if
for any interpretation I, I = A.

Let A, T be sets of formulas. A multisequent § is of form
I'|A. We say that § is satisfied in an interpretation I and an
assignment v, denoted by I,v |=T'|A, if either I,v =T, or
I,v = A, where I,v = Aif v(A) = t for some A € A;
and [,v =T ifv(B) = £ for some B € T".
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0 is satisfied in an interpretation I, denoted by I = ¢ if Theorem 2.1 (Soundness theorem). For any multisequent

I,v | 4 for any assignment v; and 0 is valid, denoted by
k= 0, if § is satisfied in any interpretation I.

Gentzen deduction system G contains the following axioms
and deduction rules:

e Axioms:
FTNA#()

where A, I are sets of atomic formulas.

e Deduction rules:

(b DAL (- 2B
A, —Al A-B.T
o o P A,
(\F) gt
O g O SR e ()
v 5 3T
) Ao ) AveBT

where x is a new variable not occurring free in Vz A(x), and
t is a term.

where

v(VeAi(x)) =

Let I', A, 3, 11 be sets of formulas. A multisequent § is of
form I'| A|X|II. We say that ¢ is satisfied in (I, v), denoted
by I,v |= T|A|S|IL if either I,v =T, I,v = A v = 5,
or I, v =TI, where

I,v = Aif for some formula A € A, v(A) ;
I,v = O if for some formula B € ©,v(B) = T;
I,v =T if for some formula C' € ©,v(C') =L1; and
I,v = 1T if for some formula D € IT,v(D) = £.

t:

A multisequent I'| A|X|IT is valid, denoted by |= T'| A|X|IT, if
for any interpretation I and assignment v, I, v = T'|A|X|II.

if Aa € U(vy/q(Ar()) =
if Aa € U(vy/q(AL(z)) €
if Aa € U(vy/q(Ar(x)) € {t, L})&Ea € U(vy/q(Ar(2))
if Ea € U(vy/q(A1(x)) =

AT, if - AT then = A|T.
Theorem 2.2 (Completeness theorem). For any multisequent

AL, AT only if = AT

3. BZ-VALUED FIRST-ORDER LOGIC
Let B2 be a Boolean algebra ({t, T, L, £}, —,U,N), where

|- N[t T L £ Ult T L f
t | £ t |t T L £ |t t t t
T|(L TI|T T £ £ T|t T t T
LT L|lL f 1L £ 11t t L L
flt f£|f £ £ £ £ |t T L £

A model M is a pair (U, I), where U is a universe and I is an
interpretation such that for any constant symbol ¢, I(c) € U;
for any n-ary function symbol f, I(f) : U™ — U is a func-
tion; and for any n-ary predicate symbol p, I(p) : U™ — B3
is a relation on U.

Given a formula A, define

I(p) (27, . thv) i A = p(ty, ..., t2)
—(ALY) if A=-4,

U(A) = ’U(Al)m’l)(AQ) lfA:Al /\AQ
U(Al) @] ’U(AQ) if A=AV Ay

defined below if A=VaA(z)

t)
{t, TH&Ea € U(vg/q(Ai(z)) = T)
1)

= f).

Proposition 3.1 Let I', A, X, IT be sets of atomic formulas.
Then, I'|A|X|IT is valid if and only if TN AN X NI # (.

Proof. Assume thatp € TN ANX NI # §. For any in-
terpreation I and assignment v, if v(p) = t then I,v | T}
ifv(p) = T then I,v E A;if v(p) =L then I,v E %;
otherwise, v(p) = £, I,v = II. Hence, I, v = T'|A|SIII.

Conversely, assume that TN A NXNII = (. Let U be the
set of all the constants occurring in I, A, Y. or II. Define 1
and v such that for any atomic formula [,

%4 ifl =T, NT,, NT,,

’U(l) = *3
f-(#)

Published by Sciedu Press

otherwise, if l € T',, N T,
otherwise, if l € Ty —

- U*l,*z,*g F*l N F*z N F*s
r,Nnr,,

*1,%2
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where {#1, %9, %3,%4} = {t, T, L, f},and T’y = T',T't =
A,Fl = E,Ff = H, *q1 7é *9 7é *3 7£ *1; %1 7é *9 € B%,
and # € B3. Then, I, v [~ T'|A|XIL

4. GENTZEN DEDUCTION SYSTEM
Gentzen deduction system G3 contains the following axioms
and deduction rules:

e Axioms:
INYNANT #0

TAST

(A)

¢ Deduction rules for binary logical connective A:

T, A |A[S[TT T, Ay|A|S|TT
T, A1 A Ao]A[S[TT

(A%)

T|A[S, Cy|IIT|A|S, C|TT
T|A[S, Cy A Co|TI

T, C1|A[S|TIT|A|S, Co[TT
T|A[S, Cr A Co|TI
T|A[S, Cy A Cy|TI

(AT)
(AS)
(A5)

e Deduction rules for binary logical connective V:

T, Ay|AD|II
T, A, V A|A[S[TT
T, Ay|AD|IT
T, Ay V A5 |A[S[TT
TJA|S, A, [ILT|A, A,|S|IT
T, A, V A| AT
T|A, A |S[I T A[S, Ao|IT

T, A; V Ay |AS[TT
T|A[S, C1[TLT|A[S, Co|TT

TJA[S, C1 v Co|IT
[JA[Z]Cy O TIA[S, CaI

TJA[S, Cy V Co[IT
T|A[S, C1 [T T|A[S|C, TT

TIA[S, C1 v Gyl

(vi)
(v4)
(v4)
(Vi)
(VT)
(V)
(V§)

e Deduction rules for quantifier V:
56

where ', A, 33, TI are sets of atomic formulas.

e Deduction rules for unary logical connective —:

T|A[S|A,TT
T, -AJA[X[II
T'A, C|3|I
T|AE, -C[II

() T|A[S, B[
T|A,—B[S|II
-0 I', D|A[S[IT
T|A[S[-D, I

(=)
(=)

T|A, B|S|IIT|A, By|S[IT

T|A, By A By|S[IT
T, B, |A[S[IIT|A, B[S

(A7)

/\B
(A7) T|A, By A Bo|2|IT
(A) T|A, B, |S|IIT, By |A|Z|T
3 T|A, B; A Bo|Z|IT
(AD) T|A|X|Dy, T
' T|A|Z| Dy A Do, TI
T|A|X| Do, 1
(AS)

T|A[S|D; A Do, 11
T|A, Dy |S[IIT]A|S, Dy, 1T

T|A[S|D; A Do, 11
T|A[S, Dy [IIT|A, Dy|S[IT
T|A[S[D; A Do, I

(AS)
(AD)

T|A, By|S[IIT|A, By ST

T|A, By v Ba| S|

T|A By V By[S[II
T|A, By|S|IIT|A|S| By, TT

T|A, By V Bo|S[T

(vVT)
(V3)
(V)

DJAIS|D, 1T TJA[S|D,, T
T|A[S[Dy vV Do, I

(VP)
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I, A()|A[X[TT
I, Ve A(x)|A|Z|T

(v4)

LAIE, C@H)[I T, C(z)[AE[I
TV B(z), A[S|II
T|A[S, C(t)|II T|A[S, C/(2)|IT

T|AZ, Ve C ()11

(V%)

(v%)

where ¢ is a term and x is a new variable not occurring free
in, A, > and I1.

Definition 4.1 + T|A|X|II if there is a sequence
{A1|0:1|T1 |4, ..., AL |©, I, |11, } of multisequents such
that A, |©,|T',|IL, = TJA|XII, and for each 1 < ¢ <
n, A;|©;|T';|IL; is deduced from the previous multisequents
by one of the deduction rules in G3.

Theorem 4.2 For any multisequent T'|A| Y|, if = T|A|X|TT
then - I'|A XTI

Proof. We prove that axioms are valid and deduction rules
preserve validity. Fix an interpretation I.

To verify the validity of the axiom, assume that N AN N
IT # (. Then, there is an atomic formulal € TN AN NII,
and for any assignment v, if v(l) = t then I,v | T if
v(l) = T then I,v | A, if v(l) =L then I,v = ¥, other-
wise, I, v = II, and each of which implies I, v |= T'|A|XIL.

To verify that (=) preserves validity, assume that for any
assignment v, I, v = T|A|X, A|IL If I, v |= T|A|Z|II then
I,v = T|A,-A|X|II; otherwise, v(A) =1, and by the
definition of f_,v(—-A) = T,I,v E A,—-A, and hence,
I,v =ET|A, -A|X|IL

To verify that (A2) preserves validity, assume that for any
assignment v,

v = TIA, Dy S,

v ET|A|X, Do|II.

For any assignment v, if v | T|A|X|II then v |
I'|A|X|Dy A Dg, I1; otherwise, v(D1) = T,v(D2) =1, and
by the definition of N, v(Dy A Dy) = £, v |= D1 A Do, 11,
and hence, v |= T'|A|X|By A Bo, II.

To verify that (V4') preserves validity, assume that for any
assignment v,

v TA, A4S,

v ET|A|E, Ao|TL.

For any assignment v, if v = ['|A|S|II thenv =T, 4; V
As|A|X|TT; otherwise, v(A1) = T,v(A2) =L, and by the
definition of U, v(A; V A3) = t,v = A1V Ay, T, and hence,

Published by Sciedu Press

T[A, B#)[E[IT T, B(z)|A[S[IT
I'\VzB(x), A|X|IT
T|A, BA)S| T|A, B(z)|S[
I'|\VzB(z), A|X|IT
T|A|X|D(t),11
TA|ZVzD(z), 1T

(V7)
(V)

(v?)

v =T, Ay V Ao A[S|IL.

To verify that (V) preserves the validity, assume that for
any assignment v, I,v = T|A,B(#)|X|IT and I,v =
T, B(x)|A|Z|I1. For any assignment v, if I, v |= T'|A|X|IT
then I,v | T'|A,VaB(z)|X|II; otherwise, by induction
assumption, v(B(t)) = T or v(B(z)) = t, i.e., for any
a € U, either v(B(t)) = T or vy/,(B(z)) = t,ie.,
v(VeB(z)) =T.

To verify that (VZ) preserves the validity, assume that for
any assignment v, I,v | T|A,B(#)|Z|IT and I,v |
T|A, B(z)|2|I1. For any assignment v, if I,v = T'|A|X|IT
then I, v = T'|A, VaB(x)|X|II; otherwise, by induction as-
sumption, v(B(t)) = T or v(B(x)) = T, i.e., for any
a € U, either v(B(t)) = T or vy/0(B(z)) = T, ie.,
v(VaB(x)) =T.

Similar for other deduction rules.

Theorem 4.3 For any multisequent I'| A| |11, if = T'|A|X|TT
then - T'|A|X|II.

Proof. Given a multisequent I'| A|X|IT, we construct a tree
T such that either

(i) for each branch ¢ of T', each multisequent TV|A’|>/ |IT” at
the leaf of £ is an axiom, or

(ii) there is an assignment v such that v = I'|A|X|I1.
T is constructed as follows:
o the root of 7" is T'| A | 2|1,

o for a node &, if for each sequent I'V|A/|X/|IT" at £, TV UA'U
Y/ UII’ is a set of atomic formulas then the node is a leaf;

e otherwise, £ has the direct child node containing the fol-
lowing multisequents:

C1Ar[3]A I if Ty, = AJA S0 €6
F1|A1|217B|H1 ifF1|A1,ﬁB‘21|H1 Eg
F1|A1|21,C|H1 ifF1|A1|21,_\C|H1 Eg
F17D|A1|21|H1 ifF1|A1|21|_|D,H1 EE

and
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and

and
58

[ T, A1 A4 ]1T
i F},Az\A1|E1\H1

'y |Ay, B 2411

| T1|Ar, By |0 |11y
I'y, By| A |31,

F1|A1, B2|21‘H1

[ T1]|Aq, B[4

I'y, Bo| A 34|11,

[ T1|A]2q, CyTL

1A%, Co|ILy

[ F1701|A1‘21|H1

[ A X, ColTLy

[ T1|A2, Gy I

Iy, Co|Aq 1241y

I'|A1E1|D1, 14
I_‘1|A1|Z1|D2, IT,

'y |A, Dy |34 1T
I'1]A1]%1, Do|IT4

[ T1|A1]21, Dy|IL
| T'1|A1, Do| 34|11y

Iy, AyA 54T
Iy, As]Aq]24|TT

A, A3 (1T
1AL |21, Ao|ILy
1A E, Ay |TL
1Ay, Ag |34 (1T
'y |Ay, By 541
1Ay, Bo| 3411y
1Ay, B3, (11
1A 2|y, By
Iy |A Xy, By
I'y|Ay, B2 |41y
A2, Gy
[1|A2, CoIT
1A 2, Gy
Iy |A X, Co
Iy |A X, Cy
1AL |2, Co|Iy

' |A XDy, I
I'1|AL 1] Do, Iy

if 'y, A1 A A2|A1|21|H1 eé

ifF1|A1,B1 A BQ‘El‘Hl € f

ifF1|A1|21, Ci A CQ|H1 eé

ifF1|A1|21|D1 N DQ,H1 S f

ifI‘l,Al V AQ‘A1|21‘H1 S 5

ifFl\Al,Bl V BQ|Z]|H1 €é

ifFl\A1|21,Cl \Y CQ‘Hl S f

ifrl‘A1|21|D1 V Dy, 11 € &
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Fl,Al(C)‘Aﬂzl‘Hl

¢ does not occur in current T’

[ T1|Aq, Bi(t)|21[1T

Fl, Bl (C)|A1 |21 |H1

¢ does not occur in current T’
')A, By ()21

Fl‘Al, Bl(c)|§]1|H1

c does not occur in current T’
Iy |A X, Co(t) T

[y, C1(c)|A1|31 1T

c does not occur in current T’
[y |A1]%q, C1 (1) [Ty

Fl ‘Al |21, Cl (C)|H1

| cdoes not occur in current T'
LA 21| Dq(2), I

and

o for each TI'3|Aq, Bi(t)|X2]Ilz € T such that
T'3|Ag, B (t)|X2|1I has not be applied to a constant ¢, and
for each child node I's|A3|25|II3 of T's|Ag, Bf (t)|X2|Is,
let the child node of TI'3|A3|X3|II3 contain sequent
['3|As, By(c)|Ess;

o for each T'3|Aq|3,,Ci(¢)[IIs € T such that
I'3| Az |X,, C1(t)|II2 has not be applied to a constant ¢, and
for each child node I'3|A3|35|II5 of ['y|Ag|Xe, C1(¢)|12,
let the child node of T's|A3|X3|II3 contain sequent
3| As|33, O (c)[T3;

o for each T'o|Ay|X,|Di(t),II; € T such that
3| Ao |X2] D (t), II has not be applied to a constant ¢, and
for each child node I's|A3|25|I5 of ['a|Ag|Xs| D) (t), s,
let the child node of T's|As|¥s|IIs contain sequent
F3|A3|Z3‘D/1(C), H3,

1) .
where [ 61 represents that d1, d are at a same child node;

2
0 . . .
and { 51 represents that d1, do are at different direct chil-
2
dren nodes.

Lemma 4.4 If there is a branch & C T such that each multi-
sequent I'V|A/|Y/|IT" € £ is an axiom in G3 then ¢ is a proof
of T|A|X|II.

Proof. By the definition of T', T" is a proof tree of T'|A|X|TI1.

Lemma 4.5 For each branch ¢ C T, there is a multisequent
I'|A'|Z|IT" € € is not an axiom in G then there is an
assignment v such that v f= T'|A|XS|IL.

Proof. Let «y be the set of all the atomic multisequents in T'
which is not an axiom.

Published by Sciedu Press

if Fl,VxAl(x)ml\Zl\Hl c f

if F1|A1,VxBl(x)|El|H1 S f

if F1|A1‘21,V$01($)|H1 € E

if F1|A1‘21‘V$D1($),H1 S f

Let
A={l:lel VA € v},
B={l:1e A TAXI € ~},
C={l:1e¥ TAX € ~},
D={l:1elll,V|A|¥|I' € ~},

and U be the set of all the constants occurring in A UB U
C U D. Define an interpretation I such that

£ ifp(er, .. cn) €A
L ifp(ery ., cn) €B

I(p(cry.yen)) =< T ifpler,...,cy) €C
t  ifp(er,...,cn) €D
t  otherwise.

We proved by induction on tree that each £ € T contains a
multisequent IV |A’|X/|TT" € € which is not satisfied by v.

Case 1. IV|A'|Y|IT = TV|A”, -=B|X'|II" € &. Then, £ has
a direct child node containing I|A”|%’, B|IT. By induction
assumption, if v & TV|A”|Y, B|IT, i.e., v(B) #L, then
v £ TV|A” -B|Y|IT'.

Case 2. TV|A/|X/|IT = T, A1 A A|A'|E/|IT € €. Then,
¢ has a direct child node containing '/, A;|A’|X/|TI" and
A" A5|©'|T”. By induction assumption, if either v
IV, A A'|EIT, or v [ TV, Ao]A/|S|IT then v
7 Ap A Ao AT |EN|IT.
Case 3. IV|A'|Y/ [T = TV|A”, By A Bo|X"|TI' € €. Then, ¢
has three direct children node containing

Y| A", By S|, TY| A", By|S|TT;

A" B X |IU, T |A”|S/|IT, Ba;

I A"|S|IT, By, T |A”, Bo|S/|1T;
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respectively. By induction assumption, if
either v & TV|A”, By |3/ |IU, or v & TV|A”, Bo|¥/|IT;
either v & TV|A”, By |3/ |IU, or v (& TV|A”|%/| Bg, IT;
either v = TV|A"|X/| By, IT', or v & TV|A”, By |3 |IT;
then v & I'V|A”, By A Bo|X/|IT'.

Case 4. I |A|Y|II = TV|A'|E",C1 A Co|II" € €. Then, €
has three direct children node containing

F/|A/|E”, Cl|H/, F/‘A'|E”7 02|H/;
YAV, G I, | Y [T, G
F/|A/|E”‘H/, Ch F/‘AI|ZN7 CQ|H/;

respectively. By induction assumption, if

either v £ T|A/|S", C1 [T, or v = TY| A5, Cy[TT;
either v j£ T|A/|S”, C1[TT, or v = T/| A5 |Cy, TT';
either v £ T|A/|7|Cy, IU, or v e TY| A8, Cy|TT;

then v b TV|A'|S", Cy A Co|T1.

Case 5. IV|A'|X/|IT = TV|A'|X/| D1 A Do, IT” € €. Then, £
has four direct children nodes containing one of the following
multisequents:

FI|A/|Z’|D1, H//7

IV|A'|2 | De, T,

F/|A/,D1‘E/|HN; F/‘A/|Z/, D2|H”,

IV|A')Y, DT TV | A, Do | X1
By induction assumption,

v 17& F/|A/‘E/|D17 H//a

v % ]-'\/|A/‘El|'D271_[//7

v B TY|A, D|¥]IT7; or v f& TV| A, Do|TT7,

v B TY|A'Y, Dy |TT7; or v & TY| A, Do| X/ IT”
Hence, v [ IV|A'|X/| Dy A Do, I17.
Case 6. I"|A|X|IT = I Vz Ay (z)|A'|X|IT" € . Then,
& has a direct child node containing T, Ay (d)|A’|%/|TT’ for
each constant d occurring in £. By induction assumption,
v = TV, A1 (d)|A'|X]IT for some d occurring in &, i.e.,
v ET Ve Ay ()| A XTI,
Case 7. TV|A/|X/ |1 = TV|A" Ve By (x)|X"|IT" € €. Then,
¢ has two direct child nodes containing either

MY|A", By (c) X1, T, By (d)|A” ¥ [T
for each d occurring in &, or
VA", By (c) X1, T |A”, By (d)|% [T

for each d occurring in £. By induction assumption, (1) ei-
ther v = TV|A”, By (c)|X'|[IU', or v & TV, By (d)| A" |/ |TT
for some d; and (2) either v [ TY|A”, Bi(c)|X/ |1,
or v E TV|A”,By(d)|X|IT" for some d. Then v [~
IV|A” VaBy (z)| X |IT.
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Case 8. IV|A/|X/|IT = TV|A'|2", Ve Cy (x)|TT € €. Then, £
has two direct children nodes containing either

MA"|Y, Cy (o), T, Cy(d) | A" |2 T
for each d occurring in £, or

A"|Y Cy ()|, T A" Cy(d) [T
for each d occurring in £. By induction assumption, (1) ei-
ther v (= TV|A" X, C1(e)|I, or v & TV, Cy (d)| A" |/ |]TT
for some d; and (2) either v [ TV|A”|Y/, Ci(c)|IT,
or v £ TIV|A"|Y,Ci(d)|II" for some d. Then v I}~
I A"Y VaCy (z)|1T.
Case 9. I|A'|X/|II" = TV|A'|¥/|Va Dy (x), 11" € €. Then,
¢ has a direct child node containing T'|A|X|D;(c), II. By
induction assumption, v = I'V|A’|%'| Dy (¢), IT”, and hence,
v B T|AY Ve Dy (x), IT7.

Similar for other cases.

5. DISCUSSION

In the proof of completeness theorem, given a sequent
I' = A to be proved and a deduction rule of form

P Q
S
where P, @, S are sequents, we decompose a node containing
S into two children nodes containg P and @), respectively:

P Q

N

S

Given a deduction rule of form

©|O Wl

we merge sequents P and () into one sequent P, ):

P.Q

In the end, we get a tree T" such that each sequent at the leaf
node of 7' is atomic. If each leaf has an axiom then 7T is
a proof tree; otherwise, there is a branch  of 7" such that
the leaf node of v contains no axiom. Then, we define an
assignment v in which the sequent I' = A is not satisfied.
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For multisequents, a node containing S which has three de- a node containing .S has two children nodes containing P

duction rules
P P

QlS Q2

S
Ry Ry

S

has eight children nodes:

S

TN

Py Ry PQ Ry P(QoRp  P(QaRa

In another way, given a deduction rule

P Q
S

we merge sequents P and @ into one sequent P, Q:

PQ
S
Given a deduction rule:
P
S
Q
S
t  ifEa € U(vy/q(Ai(x)
T if Aa € U(vy/q(Ar(x
JdzA =
v(3zd1(2)) L if Aa € U(vg)a(Ar
f if Aa € U(vg/q(Ar(2
and deduction rules:
[, A(t)|A[S|IT

3
T, 3z A(x)|A|X|T

T|A[S, C(t)|IT T|A|S|C(z), IT

(37)

(3%)

I|FzC(x), A|S|II
TAE, C@[IT TIA[E, Cz)|T

TTA[S, 32C(2)|I

Published by Sciedu Press

and @, respectively:

P Q

hvd

S

In the end, we get a tree 7" such that each sequent at the leaf
node of 7" is atomic. If there is a branch ~ such that each
sequent at the leaf node of v is an axiom then 7 is a proof
of I' = A; otherwise, for each leaf node £ of T, there is a
sequent at £ is not an axiom. Then, we define an assignment
v in which the sequent I" = A is not satisfied.

For multisequents, a node containing S which has three de-
duction rules

P P
S
Q1 Q2
S
R Rs
S
has three children nodes:
PPy Q102 R Ro
S

Dually, for existential quantifier 3 we have the following
definition of truth-value:

T|A, B(t)|Z|II T|A|X|B(x),II
I|FzB(x), A|X|IT
T|A, B(t)|Z[II T|A, B(z)|Z|1T
I'|FzB(x), A|X|IT
TASD(z), T
T|A|Z|FzD(z), 1T

(37)

(37)

(37)
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where ¢ is a term and x is a new variable not occurring free

inI,

A, ¥ and II.

6. CONCLUSION

A Gentzen deduction system for B3-valued first-order logic
is given and soundness and completeness theorems are
proved.

A future work will consider different choices for defining the

truth-values of quantified formulas. One choice is as follows:

e Vx A(x) has truth-value t if for each element a, A(x/a)
has truth-value t;

e Yz A(x) has truth-value T if for each element a, A(x/a)
has truth-value T;

e Yz A(x) has truth-value L if for each element a, A(z/a)
has truth-value 1 ;

o VzA(z) has truth-value £ if for each element a, A(z/a)
has truth-value f.
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