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Abstract

This paper follows Allen and Gale (2000) to model financial contagion as an equilibrium phenomenon. | assume a
two-country economy where banks in each country hold interregional claims on other banks to provide insurance
against liquidity preference shocks. The results replicate Allen-Gale model. To further test the relative robustness of
different market structures | test the implication of moral hazard as in Brusco and Castiglionesi (2007). I find that
under certain situation, complete and incomplete structures are equally fragile.
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1. Introduction

Following the subprime mortgage crisis originated in the US, the country’s whole financial sector had been in crisis.
Moreover, the crisis spread to countries that did not appear to have common economic fundamentals as the US.
Banks provide liquidity in the financial markets while being exposed to the risk of bank runs (Diamond and Dybvig,
1983). When bank runs occur, they spread across institutions and countries (See Schmidt, Timmermann, and
Wermers (2015) and Covitz, Liang, and Suarez (2013)). One of the leading explanations is the interbank connections
studies by Allen and Gale (2000) and Freixas, Parigi, and Rochet (2000). These studies find that the architecture of
the system of cross-holding is influential in the system fragility. More specifically, a complete system where each
bank borrows from and lends to all other banks is less fragile than an incomplete system where each bank borrows
from one of the other banks. The crisis addressed by Allen and Gale is liquidity crisis. Bank deposit contracts allow
depositors to withdraw the previously agreed amount on demand. Banks use a fraction of these deposits to finance
illiquid and risky investments. There is a possibility that banks cannot meet the withdrawal demand of depositors and
will result in a liquidity crisis. In a complete market structure, banks hold deposits among each other so any banks
does not depend on any single bank too strongly. When damage occurs, it spreads out evenly and is not big enough to
fail other regions. On the other hand, Brusco and Castiglionesi (2007) study the propagation of financial crises
among regions in which banks are protected by limited liability and may take excessive risk. Their conclusion is the
opposite: a more connected interbank deposit market increases the number of regions affected.

This paper studies financial fragility in the banking sector due to interbank lending relationships from a theoretical
perspective. Following Allen and Gale (2000) and Goldstein and Pauzner (2005), | assume a two-country economy
where banks in each country hold interregional claims on other banks to provide insurance against liquidity
preference shocks. | also apply moral hazard to the model to test for robustness of different market structures. The
question of interest is which market structure, the complete structure or the incomplete structure is more vulnerable
to contagion risk.

The organization of this paper is as follows. Section 2 presents literature review on bank runs, bank panics, and
financial fragility. Section 3 provides a description of the model and section 4 presents the analysis. Conclusions and
further possible studies are given in section 5.

2. Literature Review

During a financial crisis, particularly in the late 19th century and early 20th century, there have been massive
withdrawals of bank deposits. It then goes further beyond the financial system and affects the real economy. Bank
run is a major type of crisis. Diamond and Dybvig (1983) provide a simple model of bank runs that is inherently tied
to the basic role of banks. Banks create liquid claims on illiquid assets using demand deposit contracts. These
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contracts enable investors with early liquidity needs (impatient depositors) to participate in long-term investments
and provide risk sharing. The main insight is that with such contracts banks can replicate the first-best allocation and
thus overcome the fact that depositor types (impatient and patient) are not known ex ante. This model leads to two
Nash equilibriums: a good equilibrium in which only impatient depositors demand early withdrawal and the first-best
allocation is achieved and a bad equilibrium in which all agents demand early withdrawal and bank run occurs. In
this case, bank runs are panic-based rather than fundamental-based. They occur because of the self-fulfilling beliefs
of depositors that other depositors are going to run. The shortcoming of the model is that it does not tell how to
determine which equilibrium is more likely to occur. If we take into consideration the probability of runs, then the
optimal contracts may not be optimal.

Two main regulatory responses to fragility are suspension of convertibility and deposit insurance. If the proportion of
impatient consumers is known, the bank can announce that after this proportion of depositor withdrawal in period 1,
no one else gets money in this period. Patient consumers, therefore, know that the bank will be able to satisfy its
engagements at date 2, and thus have no interest in withdrawing at date 1. Then the good equilibrium becomes the
unique equilibrium. The problem is that in reality the number of impatient agents is not known. Hence suspension of
convertibility may severely hurt those impatient agents who cannot get early withdrawal. In deposit insurance case,
even if the bank is not able to pay, depositors receive the full value of their deposits from insurance system. We can
assume that the government obtains this amount by taxing depositors. This approach also leads to the good
equilibrium. Patient agents know that the withdrawal by others is not going to harm their long-term return and thus
do not choose to run. The problem is that it might cause moral hazard problem when banks intend to make too risky
investments.

Since the runs in Diamond-Dybvig model are not information-based, some referred to such runs as “sunspots”. Chari
and Jagannathan (1988) try to explain runs on the basis of an informational story. Agents run when they see others
run because they know others may have information about the fundamentals. That is, in period 1, impatient agents
and negatively informed agents withdraw whereas positively informed agents keep investing. The uninformed agents
observe the proportion of withdrawing agents and make a decision to withdraw or not. The key is that uninformed
agents cannot distinguish withdrawal by impatient agents and negatively informed agents. The equilibrium outcome
is that runs are correlated with bad fundamentals, but there are unjustified runs in equilibrium in which uninformed
agents interpret the long line in front of the bank as due to many negatively informed agents.

Due to the global-game literature by Carlsson and van Damme (1993), there have been more theoretical
developments on panic-based stories. Morris and Shin (1998) model currency attack by speculators by introducing
imperfect information. Speculators observe information about fundamentals with noise. They choose whether to
attack or not based on the observed imperfect signals. Since their signals are with noise, they also take into account
other speculators actions at other signals. The equilibrium result shows that in the extreme cases of fundamentals,
fundamentals determine speculators actions, and in the intermediate region, attacks are basically driven by bad
expectations, i.e. speculators believe others will do.

Following Morris and Shin (1998), Goldstein and Pauzner (2005) use global-games approach to address the
fundamental issues in the Diamond-Dybvig model. In their model, fundamentals determine which equilibrium occurs.
This enables the calculation of ex ante probability of panic-based runs. Chen, Goldstein, and Jiang (2010) provide
empirical evidence of the presence of strategic complementarities among investor using mutual fund outflows.
Because bank runs could also occur when banks fundamentals are weak even with deposit insurance, Allen, Carletti,
Goldstein, and Leonello (2015) build on Goldstein and Pauzner (2005) to add a government to the model and find
that government’s guarantees can increase the probability of crisis.

Interbank connection is one of the leading explanations of why financial crises spread across countries. Bhattacharya
and Gale (1987) assume there are a large number of banks confronted with i.i.d. liquidity shocks so liquidity shocks
of all banks are completely diversifiable. the proportion of banks with few early withdrawals is known. At date 1,
banks with excess liquidity and banks with liquidity needs lend to and borrow from each other so that supply and
demand of liquidity are matched. At date 2, banks face the opposite liquidity shock of their first period, thus previous
borrowers repay the loan to the previous lenders. Allen and Gale (2000) study the relationship between the
possibility of contagion and the completeness of the structure of interregional claims. They assume there are four
regions, A, B, C, and D, with imperfectly correlated liquidity preference shocks. Banks hold claims on other banks to
provide insurance against the shocks. If there is no aggregate uncertainty, the first-best allocation can be achieved.
However, there is inherent fragility where a small liquidity shock in one region can spread by contagion throughout
the economy, and it is more fragile when they system structure is incomplete.
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Brusco and Castiglionesi (2007) in their paper about moral hazard and financial contagion also analyze which
interbank deposit market structure is more resistant to contagion. They get the opposite result that a more connected
interbank deposit market increases the number of regions affected, although in the connected case the amount of
financial distress experienced by the banks affected by the contagion will typically be lower.

Goldstein and Pauzner (2004) look at two countries that have independent fundamentals but share the same group of
investors. Each country might face a self-fulfilling crisis: agents withdrawing their investments fearing that others
will. Each agent observes a noisy signal on the fundamentals of both countries. Under a sequential framework in
which the events in country 2 take place after the aggregate outcomes in country 1 are realized and become known to
all agents, they show that there is a unique threshold in country 2 below which agents run.

The analysis of the specific literature has shown how authors disagree on the relative robustness of complete and
incomplete structures. Furthermore, very few empirical studies give evidence on the relation between the structure of
the interbank deposit market and the propagation of contagion.

3. Model

The framework is based on Diamond and Dybvig (1983) and Allen and Gale (1998, 2000). Consider a one-good,
three-dates (t=0, 1, 2) economy in which a continuum of agents, each endowed with one unit of good at date t=0.
These agents are ex ante identical, with the usual Diamond-Dybvig preferences, subject to i.i.d liquidity shocks at
t=1. With probability =; (w; + m, = 1) one prefers to consume at date t=i. The utility of agent type i=1 (impatient
consumers) is u(c;) and the utility of agent type i=2 (patient consumers) is u(c,). Ex ante, all agents have the same
utility U = myu(cy) + mou(cy).

There is a storage technology that allows transfer of the good without cost from one date to the next. The assets
invested through storage technology are referred to as short assets. There is also a long-term illiquid technology
where one unit invested at t=0 gives a return R > 1 at t=2. If they are liquidated prematurely at t=1, they produce
0<r<1 units of good. Assets invested through long-term technology are referred to as long assets.

Different from Allen and Gale (2000), the economy is composed of two countries (or regions or sectors) that have
different fundamentals. Each country has two regions (or banks if we assume each region has one representative
bank). Without loss of generality, country 1 has regions A and B and country 2 has regions C and D. The return for
each region depends both on the fundamentals of the country (6;) and idiosyncratic attributes of the banks (&;).
Patient agents at t=1 make their decision to withdraw or not based on their observed signals of bank prospects 8; + §;.
The higher the sum of 6 and 6, the less likely the early withdrawal by patient agents.

3.1 A Simple Model

Let w; be the probability of being an early consumer in region i. Allen and Gale (2000) assume that there are two
values of w;, where 0 < w; < wy < 1. The realization depends on the state of nature. There are two equally likely
states S; and S,. Allen and Gale (2000, Table 1) gives the realization of the state-dependent liquidity preference
shocks in each region.

Table 1. Regional Liquidity Shocks

A B C D
S; wy wp, wy wp,
S, wyp, wy wp, wy

Let y denote the average fraction of early consumers, y = (w; + wy)/2. For simplicity, let’s assume that country 1
and country 2 have negatively related fundamental shocks, and that within each country, the two regions have
negatively related individual shocks. Further assume that there are only three possible values of

w;: w; = wy if and only if the bank experiences both high individual liquidity shock and high fundamental shock,
w; = w,if and only if the bank experiences both low individual shock and low fundamental shock. Otherwise,
w; =y = (0, + wy)/2.
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Table 2. Modified Regional Liquidity Shocks

A B C
S Wy 14 wy, 14
S, Wy 14 Y wp,
S3 14 Wy wy, 14
Sy 14 Wy 14 wy,
Ss wy, 14 Wy 14
Se wy, 14 14 Wy
S; 14 Wy, Wy 14
Sg 14 wy, Y Wy

There are eight equally likely states, S; through Sg. The corresponding realizations of the liquidity shocks are given
in table 2. The aggregate demand for liquidity is the same in each state: one region has a high liquidity preference,
two regions have an average liquidity preference, and one region has a low liquidity preference. When the state of
nature is revealed at t=1, each consumer learns his type.

4. Interbank Structure Analysis

Follow Allen and Gale (2000), I first characterize the optimal allocation of risk. At t=0, social planner chooses a
portfolio (x,y) = 0 subject to the feasibility constraint

x+y<1 (1)
where x and y are the per capita amount invested in the long and short assets.
The feasibility constraints are
ya <y )
for early consumption with short assets and
(1=y)es <Rx (3)
for late consumption with long assets. The planner’s problem is
MaX(c1,c2yYU(€1) + (1 = y)u(cz)
under constraints (1) (2) (3). The unique solution to planner’s problem is the first-best allocation.
4.1 Decentralization

The first-best allocation can also be achieved within the competitive banking sector. Let’s assume each consumer
deposits his endowment of one unit in the representative bank in his region. The bank invests the deposit in a
portfolio (x,y) = 0 and offers a deposit contract (c;, ¢,) that allows the consumer to withdraw either c; units at t=1
or ¢, units at t=2.

Figure 1. Complete market structure

In a complete market structure illustrated in figure 1, each bank exchanges deposits with all other banks at t=0. We
assume that each bank holds z units of deposits in every other bank. The budget constraints of banks in a region with
a high, average, and low demand for liquidity are discussed one by one as follows.
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For a bank in a region with a high demand for liquidity, it must pay c; to the wy fraction of early consumers. To do
S0, it uses y units of the short assets and claims 3z deposits in other regions. Thus the budget constraint is:

wyc; =y +3zc, 4

Banks in a region with an average demand for liquidity can use y units to pay early consumers. But since z unit of
deposits has been claimed by the bank with high liquidity demand, it must also claim its deposit in the bank with low
liquidity demand to make ends meet. Thus the budget constraint is:

y+2)c=y+2z¢ (5)
Finally, a bank with a low liquidity demand pay c; to a fraction of w; of depositors and redeem 3z deposits from the

banks in other regions. The budget constraint is:

(w, +32)c; =y (6)

From equation (5), we have yc; = y, which is just the planner’s constraint. We can also solve for z from (4) to get
z = (wy —v)/3.

At t=2, all banks get the return from long-term assets and redeem and claim the deposits from other banks. The
budget constraints for the three types of banks are

(1 — Wy + 3Z)C2 = Rx (7)
(1—y+22z)c, = Rx + 2zc, (8)
(1 —-w)c; = Rx + 3zc, 9)

From equation (8), we have (1 — y)c, = Rx, which is just the planner’s constraint. Equations (7) and (9) can also be
simplified to this relationship. Thus, banks in all regions can satisfy their budget constraints and provide first-best
allocation.

4.2 Incomplete Market Structure

In the incomplete market structure in Allen-Gale model banks do not mutually hold deposits in one another. Without
loss of generality, in our model, we assume region A experiences high liquidity demand. There are 4 scenarios
illustrated in figure 2 (Note 1). The arrow direction shows a deposit relationship where A>B means A holds
deposits in B.
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Figure 2. Modified Incomplete Market Structure

Notice that (1) and (3) describe the same situation where A both holds a deposit at and receives a deposit from banks
experiencing the same level (y) of liquidity shock, the following discussion will just focus on cases (1) (2) and (4).
Following the same arguments in section 4.1, the budget constraints are summarized in table 3.

Table 3. Budget Constraints under incomplete market structure

t=1 1 ) 4)

A wyCc, =y +zc¢ wyCc, =y +2z¢ wyC, =y +2zc,

B r+2)er =y +z¢ r+2)er =y +z¢ Yy =y

C (w, +2)c; =y r+2)er =y+z¢ yer =y

D ya =y (0, +2)c; =y (w0, +2)c; =y

t=2 1) ) (4)

A (1—-wy +2)c, =Rx (1—-wy +2)c, = Rx (1—-wy +2)c; =Rx
B (1—-y)c, =Rx (1-y)c, =Rx (1—-y+2)c; =Rx + zc,
C (1—-w)cy; = Rx + zc, (1—-y)c, =Rx 11—y +2)c, =Rx+ zc,
D (1—-y+2)c; =Rx+ zc, (1 —-w,)cy; = Rx + zc, (1 —w)cy; = Rx + zc,

At t=1, the budget constraints simplify to yc; = y, and we also obtain z = wy — y. At t=2, the budget constraints
simplify to (1 —y)c, = Rx.

Therefore, we conclude that incomplete market structure can also satisfy budget constraints by switching deposits
through the interbank market. Follow Allen-Gale’s approach, | can get the same conclusion as in their proposition 2
that given a zero probability state S'(The demand for deposits from early consumers is y + ¢ in A, and y in B, C,
and D), all banks in the incomplete structure system must go bankrupt at date t=1 in state S if the shock in A exceeds
A’s buffer and the spillover effect to region D (in cases (1) and (2)) or regions B (in cases (3) and (4)) exceed the
region’s buffer. And because the financial interdependence on A is smaller in the complete structure, such structure is
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more robust.
4.3 Moral Hazard and Contagion

Brusco and Castiglionesi (2007) study the fragility of interbank market from a different perspective. Besides short
assets and long assets, banks have the incentive to invest in gambling asset whose payoff is larger than the long asset
if succeeded even though its expected payoff is smaller. With interbank structure, banks may take the risk to gamble.
If the gambling bank fails, then contagion occurs because an otherwise solvent bank is unable to retrieve its deposits
from the failed bank. In this subsection, | apply the moral hazard assumption to our model.

Assume bank A invested in gambling assets and failed. In the complete market structure, since all the other banks
have deposits in A and cannot retrieve the deposits, all banks are affected and fail. This is the same as in
Brusco-Castiglionesi model.

For the incomplete cases:

In case (1), at t=1, bank A withdraws its deposit in B, and B withdraws from C. Bank C leave its deposit in D and D
leave its deposit in A. At t=2, bank A fails so that D cannot retrieve its deposit in A and fails, and C cannot retrieve its
deposit in D and fails. Only B has no link with other banks, so B survives;

In case (2), at t=1, bank A withdraws its deposit in B, and B withdraws from C, C withdraws from D. D leave its
deposit in A. At t=2, bank A fails so that D cannot retrieve its deposit in A and fails. B and C have no link with other
banks, so B and C survive. This is the same result as in Brusco-Castiglionesi model where 2 banks survive;

In case (3), at t=1, Bank A withdraws its deposit in D, and D withdraws from C. Bank C leave its deposit in B and B
leave its deposit in A. At t=2, bank A fails so that B cannot retrieve its deposit in A and fails, and C cannot retrieve its
deposit in B and fails. Only D has no link with other banks, so D survives. This result is the same as in case (1);

In case (4), at t=1, bank A withdraws its deposit in D. D leave its deposit in C. B and C does not withdraw from
others and no other bank withdraws from them. At t=2, Bank A fails so that B cannot retrieve its deposit in A and
fails. C cannot retrieve its deposit in B and fails, D cannot retrieve its deposit in C and fails. All banks fail.

Therefore, considering all four cases, in two of the cases only one bank survive, in one of the cases two banks
survive and in the last case, all banks fail. In terms of the number of failing banks, the last case scenario is as fragile
as in complete structure where all banks fail. However, the distress experienced by banks in incomplete structure is
higher.

5. Conclusion

This paper studies financial fragility in the banking sector due to interbank lending relationships based on Allen and
Gale (2000). With a more complex model of interbank structure which can be applied to international banking sector
and financial crisis across countries, | replicate Allen-Gale results. | also test the implications of the model from a
moral hazard perspective. The results show that the relative fragility of complete and incomplete structures depends
on the specific lending relationships between banks. In one of the four cases, the incomplete and complete structures
are equally fragile in terms of the number of failed banks. Future research may extend the model to stochastic
liquidity shocks and wealth effect on agents where crisis in one country makes agents poorer and more likely to
withdraw from the other country thus spread the crisis.
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Notes

Note 1. Since two of the regions experience the same average liquidity at t=1, the model could be simplified to three
regions with two scenarios, as illustrated in figure 3. The “less-simplified” model (figure 2) is used in order to
replicate the results in Allen-Gale model.
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Figure 3. Simplified Incomplete Market Structure
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