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Abstract

This paper attempts to derive careful interpretation of the parameter estimates from one of the multivariate
generalized autoregressive conditional heteroscedasticity (MGARCH) models, the full vector-half (VECH) model
with asymmetric effects. We also consider and interpret the parameter estimates from a case study of US and
Canadian equity index returns by applying this model. More specifically, we firstly inspect the model formula and
derive general interpretation of the model parameters. We consider this is particularly useful for understanding not
only the full VECH model structure but also similar MGARCH models. After the general considerations, we also
interpret the case results that are derived from our application of the full VECH model to US and Canadian equity
index returns. We consider that these concrete illustrations are also very helpful for future related research.
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1. Introduction

In finance, the multivariate generalized autoregressive conditional heteroscedasticity (MGARCH) models are
recently often used to time-series data (e.g., Sadorsky, 2012; Jayasinghe, Tsui, and Zhang, 2014; Guo, 2017).
However, interpreting the results is not an easy task. This is because the structures of these models are rather
complicated and understanding the model structures and parameter relations is not easy for applied or empirical
researchers. Hence, it is highly important to consider how we can interpret the parameter estimates from these
models to more clearly understand the results and estimates from these models.

Based on this motivation, this study attempts to derive general interpretation of the parameter estimates from one of
the MGARCH models, the full vector-half (VECH) model with asymmetric effects. We also consider and interpret
the parameter estimates from the case of US and Canadian equity index returns, where we apply this model. These
two are the objectives of this study. More specifically, we firstly inspect the model formula and derive the general
interpretation of the model parameters. We consider this is particularly useful for understanding not only the full
VECH model structure but also similar other MGARCH models; and this is one of our contributions of this study.
After the above general considerations, as we noted, we also interpret the case results that are derived from our
application of the full VECH model to US and Canadian equity index returns. We consider that these concrete
illustrations are also very helpful for future related research; and this is another contribution of this study.

After this introduction, Section 2 supplies a related research review; Section 3 explains our data and variables for our
case study; and Section 4 describes the model. Section 5 presents the general interpretation of the model; Section 6
derives the interpretation of our case results; and in Section 7, we conclude the paper.

2. Literature Review

This section concisely reviews the preceding related studies, which used the VECH model. Estimations of large
parameter sets in the VECH model are generally difficult; and thus, empirical studies in existing literature employing
this VECH model are not many. Reviewing limited studies, first, Bollerslev, Engle, and Wooldridge (1988) applied a
VECH model to the field of asset pricing. Using returns of bills, bonds, and stocks in the US, they showed a VECH
model can be used to estimate the capital asset pricing model (CAPM), where the covariance of each return and
market portfolio return was time-varying. They suggested that the conditional covariances largely varied over time,
and they were important determinants of the time-varying risk premiums. Further, they also suggested that the betas
derived from their model were also time-varying and forecastable. Baillie and Myers (1991) estimated the
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time-varying hedge ratios for commodity futures by applying a VECH model. They indicated that the assumption of
a time-invariant optimal hedge ratio is inappropriate, and as an implication form their investigations, they also
suggested that the estimated time-varying optimal hedge ratios were the non-stationary. Ferreira (2005) compared the
time-varying covariance models using the data for the French and German interest rates of the pre-euro period. The
empirical results from this study showed that, for their out-of-sample period, the variances and covariances
forecasted by a VECH model were the best.

Fiss, Mager, Wohlenberg, and Zhao (2011) examined the impact of German and US macroeconomic events on the
implied volatility indices of Germany: VDAX, and that of US: VIX. They found that both volatility indices declined
on announcement days, and the strongest reactions occurred during the financial crisis from 2008 to 2009.
Degiannakis, Filis, and Floros (2013) investigated the time-varying correlations between oil and European industrial
sector stocks. Using a VECH model and the stock return data from 10 European sectors, they found that the
relationship between oil and sector stock returns in Europe changed over time and they were industry specific. As
above, in existing studies, empirical applications using VECH models are limited.

3. Data and Variables

This section explains the data for our study. This study examines two daily international equity index returns. First is
(1) the log percentage return of the S&P 500 composite index in the US, which is denoted by LRSP; and second is
(2) the log percentage return of the S&P Toronto stock exchange composite index, which is denoted by LRTSX. Our
analyzing sample period is from February 4, 1969 to January 31, 2017 and the return evolution is shown in Figure 1.
From this figure, we understand that in general, the two return series show similar time-series evolution.

70 75 80 8 9 9 00 05 10 15

—— LRSP (right scale, percent
— LRTSX (left scale, percent

Figure 1. Dynamic evolution of the percentage log returns of US and Canadian equity indices: For the period from
February 4, 1969 to January 31, 2017
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Table 1. Estimation results of the full VECH model with asymmetry for the US and Canadian equity index returns:
For the period from February 4, 1969 to January 31, 2017

Mean equations

Variables Estimates Standard error t-statistic p-value
Constant of LRSP 0.0244%** 0.0065 3.7501 0.0002
Constant of LRTSX  0.0333*** 0.0054 6.1984 0.0000
VECH specifications

Variables Estimates Standard error t-statistic p-value
C(1,1) 0.0090%*** 0.0022 4.0563 0.0000
C(2,1) —0.0008 0.0012 —-0.6810 0.4959
C(3,1) 0.0588*** 0.0090 6.5067 0.0000
A(1,1) 0.0141** 0.0060 2.3347 0.0196
A(1,2) —-0.0034 0.0119 —0.2814 0.7784
A(1,3) 0.0069 0.0069 0.9916 0.3214
A(2,1) 0.0017 0.0037 0.4469 0.6550
A(2,2) 0.0096 0.0085 1.1365 0.2558
A(2,3) 0.0039 0.0055 0.7048 0.4809
A(3,1) 0.0638*** 0.0075 8.4919 0.0000
A(3,2) —0.1722%** 0.0194 —8.8796 0.0000
A(3,3) 0.1509%*** 0.0152 9.9073 0.0000
B(1,1) 0.9497**= 0.0148 64.3683 0.0000
B(1,2) —0.0795** 0.0362 —-2.1972 0.0280
B(1,3) 0.0307** 0.0152 2.0180 0.0436
B(2,1) 0.0246*** 0.0063 3.9321 0.0001
B(2,2) 0.8396%*** 0.0146 57.4830 0.0000
B(2,3) 0.0444*** 0.0077 5.7521 0.0000
B(3,1) —0.4005*** 0.0651 —6.1530 0.0000
B(3,2) 1.0524*** 0.1841 5.7157 0.0000
B(3,3) 0.5065*** 0.0727 6.9677 0.0000
D(1,1) 0.1037**= 0.0116 8.9378 0.0000
D(1,2) —-0.0257 0.0218 -1.1760 0.2396
D(1,3) 0.0047 0.0103 0.4574 0.6474
D(2,1) 0.0464**= 0.0067 6.9695 0.0000
D(2,2) —-0.0135 0.0135 —-1.0053 0.3148
D(2,3) 0.0146** 0.0073 1.9856 0.0471
D(3,1) 0.0466*** 0.0098 4.7349 0.0000
D(3,2) —0.0286 0.0240 -1.1922 0.2332
D(3,3) 0.0278* 0.0162 1.7199 0.0854

Notes: This table presents the maximum likelihood estimation results of the full VECH models with asymmetric
effects. The estimation is conducted for the period from February 4, 1969 to January 31, 2017. In this table, ***,
** and * indicate the statistical significance of the model parameter estimates at the 1%, 5%, and 10% levels,

respectively.
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4. The Model
We next document the model. Namely, the full VECH model with asymmetric effects we analyze is as follows:

vech(H(t)) = C+ Avech(e(t—1)e(t —1)) + Bvech (H(t —1)) + Dvech (v(t —1)v(t —1)") - 1)

In the application of model (1), this study uses only constant terms as the explanatory variables in the mean
equations of LRSP and LRTSX. In model (1), H denotes the time-varying variance and covariance matrix and e
means the matrix of the mean equation residuals. Further, A, B, C, and D are coefficient matrices and
V(tal):e(t_l)o|e<0(e(t_1)), where e(t-D=[e, €]+ V{t-D=[v,,V,.] and o indicates the Hadamard
product.

More concretely, we can write the variance equation of the first asset as follows:

oft =C(L1) + AL, 1)612;4 +AL2)e, 6, +AQL 3)922;71
+ B(lll)o-lz,t—l +B(L, 2)0'21171 +B(L, S)Gzz,t—l (2)
+ DALYV, , + DL 2)V,, V,, ; + DLV, ;.

Further, we can write the variance equation of the second asset as follows:

oy, =C( 1) +ABLe , +AB2)e, &, +AB3)e;,,
+ B(3,1)0'12H +B(3, 2)0'2“71 +B(3, 3)022H 3)
+ DBV, + DB 2)v, v, , + DBV, .

Moreover, the covariance of the first and second assets can be written as follows:

0, =C(2D)+AR1)e, + A2, 2)e,, 8, + A(2,3);,
+ B(2!1)0-12,t—1 +B(2,2)0,, , +B(2, 3)0'22#1 (4)
+ D(an)vfxfl +D(2,2)v,, v, , +D(2, 3)V§,t—1'

5. General Interpretation of the Model Estimates

First, we generally interpret the estimates for the variance of the first (second) asset. From equation (2) ((3)),
regarding the effects of shocks in mean equations, a positive A(1,1) (A(3,1)) means a shock to the first asset affects
the first (second) asset variance in the next period positively and a positive A(1,3) (A(3,3)) suggests a shock to the
second asset affects the first (second) asset variance in the next period positively; while the coefficient A(1,2)
(A(3,2)) is difficult to interpret in general. As for the effects of variances and covariance, a positive B(1,1) (B(3,1))
indicates an increase of the first asset variance increases the first (second) asset variance in the next period and a
positive B(1,3) (B(3,3)) means an increase of the second asset variance ups the first (second) asset variance in the
next period. Assuming positive two asset covariances, a positive B(1,2) (B(3,2)) means an increase of the two asset
covariance increases the first (second) asset variance in the next period. Further, as to the asymmetric effects, a
positive D(1,1) (D(3,1)) means a negative shock to the first asset increases the first (second) asset variance in the
next period and a positive D(1,3) (D(3,3)) means a negative shock to the second asset ups the first (second) asset
variance in the next period. In addition, a positive D(1,2) (D(3,2)) suggests that when two assets have negative
shocks simultaneously, these negative shocks increase the first (second) asset variance in the next period.

Next, we generally interpret the estimates for the covariance of the two assets. From equation (4), regarding the
effects of shocks in mean equations, a positive A(2,1) means a shock to the first asset affects the covariance in the
next period positively and a positive A(2,3) suggests a shock to the second asset affects the covariance in the next
period positively; while the coefficient A(2,2) is difficult to interpret in general. As to the effects of variances and
covariance, a positive B(2,1) indicates an increase of the first asset variance ups the covariance in the next period and
a positive B(2,3) means an increase of the second asset variance increases the covariance in the next period.
Assuming positive two asset covariances, a positive B(2,2) means an increase of the two asset covariance ups the
covariance in the next period. Further, as for the asymmetric effects, a positive D(2,1) means a negative shock to the
first asset increases the covariance in the next period and a positive D(2,3) means a negative shock to the second
asset ups the covariance in the next period. In addition, a positive D(2,2) suggests that when two assets have negative
shocks simultaneously, these negative shocks increase the covariance in the next period.
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Panel A. Time-varying variances of US equity index returns
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Figure 2. Dynamic evolution of the time-varying variances and covariances of US and Canadian equity index
returns: For the period from February 4, 1969 to January 31, 2017
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6. Interpreting the Case Results

This section attempts to interpret our case results from US and Canadian equity market data. First, Table 1 presents
the estimation results of our full VECH model with asymmetric effects. In Table 1, the coefficient of matrix C’s i-th
row and j-th column is written as C(i,j); the coefficient of matrix A’s i-th row and j-th column is written as A(i,j); the
coefficient of matrix B’s i-th row and j-th column is written as B(i,j); and the coefficient of matrix D’s i-th row and
j-th column is written as D(i,j), respectively. These coefficients and four matrices are those in our full VECH model
(1). The results in Table 1 indicate that our full VECH model with asymmetric effects is generally well estimated.

Moreover, Figure 2 exhibits the dynamic evolution of the time-varying variances and covariances of US and
Canadian equity index returns analyzed in this paper. More concretely, Panel A of Figure 2 exhibits the time-varying
variances of US equity index returns; Panel B of this figure displays the time-varying variances of Canadian equity
index returns; and Panel C of this figure exhibits the time-varying covariances of US and Canadian equity index
returns. These series are all shown for the period from February 4, 1969 to January 31, 2017. As to these series, we
below attempt to interpret our full VECH model estimates.

6.1 Variances of US Equity Index Returns

We begin by interpreting the estimates for the variance of the return of first asset, the US equity index. We interpret
and explain our results by focusing only on statistically significant estimates. Regarding the effects of shocks in
mean equations, as seen in Table 1, the positive statistically significant A(1,1) of 0.0141 means a shock to the US
equity index return affects its own variance in the next day positively.

Second, as for the effects of variances and covariance, the positive statistically significant B(1,1) of 0.9497 indicates
an increase of the US equity index return variance increases its own variance in the next day and the positive
statistically significant B(1,3) of 0.0307 means an increase of the Canadian equity index return variance ups the US
equity index return variance in the next day. As shown in Panel C of Figure 2, as positive two asset covariances can
be assumed, the statistically significant negative B(1,2) of —0.0795 means an increase of the two asset covariance
decreases the US equity index return variance in the next day. Further, as to the asymmetric effects, the statistically
significant positive D(1,1) of 0.1037 means a negative shock to the US equity index return increases its own variance
in the next day.

6.2 Variances of Canadian Equity Index Returns

Next, we interpret the estimates for the variance of the return of second asset, the Canadian equity index. First, the
statistically significant positive A(3,1) of 0.0638 means a shock to the US equity index return affects the Canadian
equity index return variance in the next day positively. Further, the statistically significant positive A(3,3) of 0.1509
suggests a shock to the Canadian equity index return affects its own variance in the next day positively.

With regard to the effects of variances and covariance, the statistically significant negative B(3,1) of —0.4005
indicates an increase of the US equity index return variance decreases the Canadian equity index return variance in
the next day; and the statistically significant positive B(3,3) of 0.5065 means an increase of the Canadian equity
index return variance ups its own variance in the next day. Assuming positive two asset covariances as in Figure 2,
the statistically significant positive B(3,2) of 1.0524 means an increase of the two asset covariance increases the
Canadian equity index return variance in the next day. Further, as for the asymmetric effects, the statistically
significant positive D(3,1) of 0.0466 means a negative shock to the US equity index return increases the Canadian
equity index return variance in the next day; and the statistically significant positive D(3,3) of 0.0278 means a
negative shock to the Canadian equity index return ups its own variance in the next day.

6.3 Covariances of US and Canadian Equity Index Returns

Next, we interpret the estimates for the covariance of the two assets. Again, we interpret and explain our results by
focusing only on statistically significant estimates. As for the effects of variances and covariance, the statistically
significant positive B(2,1) of 0.0246 indicates an increase of the US equity index return variance ups the covariance
in the next day and the statistically significant positive B(2,3) of 0.0444 means an increase of the Canadian equity
index return variance increases the covariance in the next day.

Assuming positive two asset covariances, the statistically significant positive B(2,2) of 0.8396 means an increase of
the two asset covariance ups the covariance in the next day. Further, as to the asymmetric effects, the statistically
significant positive D(2,1) of 0.0464 means a negative shock to the US equity index return increases the covariance
in the next day and the statistically significant positive D(2,3) of 0.0146 means a negative shock to the Canadian
equity index return ups the covariance in the next day.
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7. Conclusions

After the development by Bollerslev et al. (1988), VECH models have not been used so often in empirical research.
This paper attempted to conduct careful general interpretations of the parameter estimates of the full VECH model
with asymmetry. We also considered the case of US and Canadian equity index returns by applying the model. More
concretely, we firstly inspected the model formula and derived the general interpretation of the model parameters.
We consider this is particularly useful for understanding the full VECH model and other MGARCH models, for
example, BEKK (Engle and Kroner, 1995) and DCC models (Engle, 2002). Very recent applications for the VECH
model, the BEKK model, and the DCC model are seen for example in Tsuji (2017a), Tsuji (2017b), and Tsuji (2016),
respectively. After the above general considerations of the full VECH model, we also interpreted the case results that
were derived from our application of this model to US and Canadian equity index returns. We consider that these
illustrations are also very helpful.

As we mentioned above, our general and case result interpretations exhibited in this paper shall be helpful for
deepening our understanding of MGARCH models and their applications to the real-world international financial
markets. Hence, our demonstrations and illustrations conducted in this paper shall be useful for future empirical
studies as to financial markets by using similar econometric models. Thus, extending this kind of research with
highly clear interpretation of its empirical result by using other data sets is one of our important future works.
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