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Abstract 

As argued by Ebenfeld, Mayr and Topper (2002), Onion options may be decomposed into one-touch double barrier 
binary options (ODBs). Using this idea, these authors provide an arbitrage-free pricing formula for Onion options 
within the Black-Scholes framework. Their approach rests upon solving the underlying partial differential equation. 
In this paper, we take an alternative and more direct route: Based on a probabilistic approach, we compute the 
risk-neutral valuation formula for an ODB. Then, by inverting the decomposition of an Onion option, we are able to 
derive an alternative pricing formula for this type of an option. 

Keywords: onion options, one-touch double barrier binary options, double-notouch options, arbitrage-free pricing, 
Black-Scholes model 

1. Introduction 

Among the vast group of Exotic Options the so called Onion options gained some popularity, (Note 1) and as a 
consequence, they became regularly traded at, for example, the Deutsche B¨orse in Frankfurt, Germany and at the 
stock exchange in Stuttgart, Germany. Onion options may be viewed as nested digital double-barrier options. That is, 
they are composed of a couple of digital knock-out options each of which is characterized by a corridor for the price 
of the underlying. Ebenfeld, Mayr and Topper (2002) used this composition of Onion options in order to derive an 
arbitrage-free pricing formula. More precisely, they proposed to decompose such an option into a series of so-called 
one-touch double barrier binary options (ODBs). Then, after deriving an arbitrage-free price for an ODB, the 
linearity of the pricing rule (i. e.. the fundamental theorem of finance) may then be applied to obtain an arbitrage-free 
price for an Onion option. In order to find a valuation formula for an ODB, Ebenfeld, Mayr and Topper (2002) 
applied the classical Black-Scholes model. In particular, they used the Black-Scholes partial differential equation 
(PDE) in order to derive an arbitrage-free pricing formula for an ODB — and thus for an Onion option. In fact, it can 
be shown that this formula is the unique solution of the PDE and thus the unique value for an Onion option in the 
Black-Scholes model. 

In this paper we provide an alternative approach to the derivation of a valuation formula for an Onion option. While 
Ebenfeld, Mayr and Topper, after suitable transformation of variables, transformed the Black-Scholes PDE into the 
well known heat equation, we follow a completely different approach here, which we believe to be more direct and 
thus more intuitive: It is based on a probabilistic approach by computing the risk-neutral valuation formula for 
currency options. A similar procedure is also pursued by Geman and Yor (1996) who price double barrier options via 
a probabilistic approach. Similarly, Kunitomo and Ikeda (1992) price double barrier options with curved boundaries 
via a suitable probability measure. 

More recently, the pricing of double barrier options has advanced, and correspondingly, the amount of academic 
research on this class of options has surged substantially. For example, Luo (2001) derives closed-form solutions for 
eight types of European-style double-barrier options. Guillaume (2003) examines window double barrier option 
(options where the monitoring period starts after the beginning of the contract and terminates before its expiry). 
Labart and Lelong (2009) study double barrier Parisian options, options where the payoff condition depends on the 
time spent in a row above or below a barrier (or a series of barriers), and not just on the hitting time(s). Buchen (2009) 



www.sciedu

Published by

considers p
Wang and 
Guillaume 
hence calle
barrier opti

2. Onion O

Onion opti
double barr
upper with
knock-in ef

The Onion
composed 
of the unde
denoted by
underlying

holds, whe
an outside 
like the cor
that the op
corridor is 
reached; an

The (possib
similar to a
cash-or- no
has left du
payoff is 3
underlying
a payoff of
thus depen
running mi

Frequently,
reasons to r
currency O

3. Decomp

In the follo
include all 
into three o
and finding
Black-Scho

To be more
known as 
ODB. (Not
binary pay
knock-out 

We now de
Section 2 w
1,2,3. Let 
write the pa

u.ca/ijfr 

y Sciedu Press  

pricing of doub
Shyu (2010) ap
(2010) derives

ed step double
ions is provide

Options and R

ions may be v
rier option, wh

h a lower barr
ffect, it is suffi

 option is a ge
of a lower barr

erlying. In orde
y  and 
, such that  

ere  denotes
range. Basical
rridor of a dou
tion, or in this
hit by the pri

nd once a corri

ble) payoff of t
a corridor-depe
othing options 
uring the optio
30 Euro when
during the opt

f 10 Euro rema
nds on the min
inimum and ma

, Onion option
restrict the typ

Onion option. 

posing Onion O

owing our goal 
of the barriers

other options w
g a suitable pro
oles framework

e precise, we d
double-no-touc
te 4) ODBs m

yoff. Accordin
effect it suffice

ecompose the 
we know that t
, ∈ 0,  

ayoff explicitly

I

             

ble knock-out b
pply the reflec
s a pricing form
e barrier option
d by Obloj and

Related Deriva

viewed as a pa
hich is a simple
rier which are
icient that the p

eneralized doub
rier  and a
er to ease expo
, 	  = 1,2,3. 

s the initial spo
lly, these corri
uble barrier op
s case the corri
ice of the unde
dor is knocked

the option, rec
endent binary 
(CON). (Note 

on’s life. Assum
n no range is l
tion’s life, the p
ains. When this
imum and the 
aximum at mat

ns are written o
e of the underl

Options 

is to find a pri
s into a single 
which synthetic
obability measu
k. 

decompose the 
ch digital opti

may be viewed 
ngly the two b
es that either of

payoff of an O
the payoff of a
stand for the v

y as a function

International Jou

         12

barrier options 
tion principle t
mula for doubl
ns. And most 
d Ulmer (2012)

atives 

articular type o
e example for 
 effective sim

price of the und

ble barrier opti
an upper barrier
osition, we subs

Every couple

	 	 	 	

ot price of the u
idors work like
ption. Therefore
idor, gets knoc
erlying. — It m
d-out it can not

eived at expiry
option. More 
3) The exact a

me, for instan
left. If the inn
payoff equals 2
s last range is a
maximum of 

turity, m(T) and

n currencies, th
lying to an exc

icing formula f
formula. The m

cally replicate 
ure, we are abl

Onion option 
ions or double
as Onion optio

barriers again 
f both barriers 

Onion option, w
an Onion option
value of the un
, we define the

urnal of Financia

             

with arbitrary 
to derive a clos
le barrier optio
recently, an a
). 

of nested barr
a non-standard

multaneously. T
derlying reache

ion: It consists 
r  which li
sequently assum

e , 	 ) bu

	 	 	 	

underlying. He
e barriers of a 
e, the two barr

ckedout if and 
makes no diffe
t be knocked in

y, is a predeterm
precisely, an O
amount depend

nce, that each 
ner range is th
20 Euro. If only
also left, the op
the underlying
d M(T) respect

hat is on foreig
change rate. Ne

for the Onion o
major idea is t
the onion optio
le to derive a v

into three one-
e-lock-out optio
ons with only 
work simulta
is reached. 

which allows u
n is determine
nderlying at tim
e following two

al Research

             

payoff functio
se-form pricing

ons where the b
analysis of hed

rier options. (N
d barrier option
Therefore, to t
es either of bot

 of a couple of
ies below resp
me that there a
uilds a corrido

	 	 			 

ence, there is a
vanilla knock

riers of a corri
when either o

ference whethe
n again later. 

rmined fixed am
Onion option r
ds on the range
corridor is wo

he only one w
ly the barriers o
ption vanishes
g during the li
tively. 

gn ex-change r
evertheless, in 

option. In this r
to split an Onio
on. Then, usin
valuation formu

-touch double b
ons, and then 
one corridor o

aneously and, 

us to split it in
ed by the barrie
me	 ∈ 0, , w
o random varia

ISSN 1923-402

ons and time-va
g formula of d
barrier is a step
dging strategie

Note 2) To be
n. This type of
trigger either 
th barriers. 

f pairs of barri
ectively above
are exactly thre
or around the

an inner range,
k-out option or
idor work simu

of the two barri
er the upper or

mount that mak
represents a m
e which the pr
orth 10 Euro. 
which was left 
of the third cor
s instantly. The
fetime of the o

rates. However
the rest of this

respect the ma
on option with

ng therisk-neutr
mula for the Oni

barrier binary
look for a pri

or as double b
therefore, in 

nto a series of 
ers of three cor
where T is the
ables 

 

Vol. 4, No. 4

23  E-ISSN 192

arying barriers
ouble barrier-o
p function of ti
es of (digital) 

egin with, cons
f option combi
the knockout

iers, each of w
e the initial spo
ee couples of b
e initial price 

, a middle rang
r, to be more p
ultaneously, m
iers of the resp
r the lower bar

kes the Onion 
mixture of barri
rice of the unde
Then, the max

t by the price 
rridor are not re
e payoff of the 
option, that is 

r, there are a pr
s text we focus 

ain problem is h
h, say, three co
ral valuation fo
ion option with

y options (ODB
icing formula 

barrier options 
order to trigg

f ODB options
rridors ,

e date of matur

4; 2013 

23-4031 

s. Chen, 
options. 
ime — 
double 

sider a 
ines an 
or the 

which is 
ot price 
barriers, 
of the 

ge, and 
precise, 

meaning 
pective 
rrier is 

option 
ier and 
erlying 
ximum 
of the 

eached, 
option 
on the 

riori no 
on the 

how to 
orridors 
ormula 
hin the 

B), also 
for an 
with a 

ger the 

. From 
,  = 

rity. To 



www.sciedu

Published by

m(t) and M

as  

where R de
does not le
corridor du
barrier 

In order to 

as a sum of

where the p

Then, form

A portfolio
are arrange
cost the sam
replicated b

4. Pricing 

The proble
options (O
paper. In o
particular, 
2005, ch. 3

which hold

(  and 

whether or

familiar the

Theorem 4

variable 

which se

u.ca/ijfr 

y Sciedu Press  

M(t) are m

enotes the fixed
eave until matu
uring the option
 and the maxi

explain the co

f the payoff fun

payoff function

mulas (1) and (2

o consisting of 
ed in the same 
me as the Onio
by three ODBs

One-Touch D

em of pricing a
DBs). Hui (19
order to price 
we apply the B

3 and 4; and Bj

ds for all 

 denote the d

r not the payo

eorem in order

4.1 (Black-Sch

ttles at tim

I

             

measurable. Th

d payoff that th
urity. For exam
n’s life, that is
imum has to lie

onnection betw

nctions of three

n of an ODB op

2) apparently c

three ODB op
way as the On

on option unde
s, it is sufficien

Double Barrier

an Onion optio
996) derives a 
an ODB, the 

Black-Scholes 
ork, 2009, ch. 

domestic and 

off of an ODB

r to be applicab

holes PDE) Le

 is square-int

me  is g

 solves the B

International Jou

         13

he payoff funct

he holder of th
mple, the invest
s, the minimum
e below the firs

ween the Onion 

e ODB options

ption is given b

oincide. 

ptions can thus 
nion option’s t
er the assumpti
nt to find a pric

r Binary Optio

on is now redu
pricing formu
Black-Scholes
PDE for foreig
17): 

 s

the foreign in

B fulfils the re

ble to ODB opt

et 

tegrable under

given by th

Black-Scholes p

urnal of Financia

             

tion of the Oni

he option receiv
tor receives 3R

m of the underl
st upper barrier

option and the

s 

by  

be considered 
three corridors.
on of no arbitr

cing formula fo

ons 

uced to the pro
ula for this kin
s framework i
gn currency op

ubject to the te

nterest rate, re

quirements of 

tions. 

 be a B

r . Then th

he equality 

partial differen

al Research

             

ion option is d

ves per corrido
R Euro when th
lying in this pe
r . The two

e ODB options

      

d as a synthetic 
. Specified in t
rage. Since the

or an ODB opti

oblem of pricin
nd of an optio
is utilized (alo
ptions (see, for

erminal conditi

 
espectively.) F

f this formula 

Borel-measura

the arbitrage p

ntial equation

ISSN 1923-402

denoted by 

or which the pr
he underlying s
eriod must be 
o other corridor

s, observe that 

           

 Onion option 
this way, the s
e Onion option
ion. 

ng one-touch d
on and this sec
ong with the f
r example, Mu

 

ion  

First, however

and in particu

able function s

price in 

 wh

Vol. 4, No. 4

23  E-ISSN 192

 and can be w

rice of the unde
stays inside the
above the first
rs work analog

 can be d

           

    

if the three co
synthetic option
n can synthetic

double barrier 
ction draws up
familiar notatio
siela and Rutk

, we have to 

ular of the foll

such that the ra

 of the cla

here the fu

4; 2013 

23-4031 

written 

   (1) 
erlying 
e inner 
t lower 
gously. 

denoted 

   (2) 

   (3) 

orridors 
n must 
ally be 

binary 
pon his 
on). In 

kowski, 

verify 

lowing 

andom 

aim  

unction 



www.sciedu

Published by

for all 

In particula

this end, w

where  

piecewise c

Black-Scho

Now, we h

eq. (3). To

whole time

interested i

value of an

formula 

the dynami

valuation f

they imply 

only be ob

and this ca

considered 

eq. (4), ins

means of T

It remains t

either the u

hold for the

together wi

In order to 

as follows.

PDE is tur

transforma

u.ca/ijfr 

y Sciedu Press  

ar, we have to 

we modify the p

and  are t

continuous fun

oles PDE is app

have to argue w

see this, recal

e interval. Thus

in the non-trivi

n option we a

 is only

ic is no longer

formula equals

that it will sta

tained if at eac

an only be achi

as to be path-

stead of . 

Theorem 4.1.  

to specify the b

upper or the lo

e pricing formu

ith the final con

transform the 

 First the PDE

rned into a forw

tions where 

I

             

check whethe

payoff function

the upper and 

nction with two

plicable in this

why it is suffici

ll that the term

s, today’s value

ial case where 

are always imp

y defined on th

r described by 

 zero on the b

ay on the bound

ch instant of tim

ieved when the

-independent. F

Consequently,

boundary cond

ower barrier, 

ula  

ndition 

Black-Scholes

E is made dime

ward PDE by 

 and  are 

International Jou

         14

 subject to the

er or not the O

n of an ODB, g

the lower barr

o discontinuitie

s case. 

ient to consider

minal payoff is 

e of the option

the option has

plicitly assumi

he open set 

the Black-Sch

boundary. As th

dary for the res

me before mat

e underlying li

For this reason

 the payoff fu

ditions of the p

 or . Th

s PDE into the 

ensionless by s

reversing the 

the new transf

urnal of Financia

             

e terminal cond

ODB’s payoff f

iven by eq. (3)

rier, and R den

es. Therefore, 

r the (modified

only paid if th

n is nil if it has 

s not yet been k

ing that it is s

holes PDE but

he dynamic on

st of the option

turity the actua

ies all the time

n, in order to p

unction g is pa

ayoff of an OD

hus, for all 

heat equation,

scaling  an

time scale. Bo

formed variabl

al Research

             

dition 

function 

), somewhat to 

notes the payo

 is measura

d) payoff funct

he underlying s

already been k

knocked out. S

still alive. Form

 Th

t by the bound

n the boundary

n’s life. In othe

al price of the 

e inside the co

price an ODB i

ath-independen

DB. The option

 the fo

 
, the solution o

nd  by the c

oth steps are p

les: 

ISSN 1923-402

 

 

 is measurabl

 obtain: 

         

ff of the ODB

able and also in

tion  instead

stays inside th

knocked-out. H

So whenever w

rmally, the dyn

his implies whe

dary conditions

y is also given 

er words, the p

underlying lie

orridor. Therefo

it suffices to c

nt, and an OD

n vanishes whe

ollowing bound

 

of which is wel

constant 

pursued by me

Vol. 4, No. 4

23  E-ISSN 192

le and integrab

           

B. Obviously, 

ntegrable. Hen

d of  as gi

e corridor duri

However, we ar

we are looking 

namic of the p

en the open set 

s. They state th

by these cond

ayoff of an OD

s inside the ran

ore the ODB m

onsider , giv

DB may be pric

en the underlyi

dary condition

ll known, we p

. Then the bac

eans of the foll

4; 2013 

23-4031 

ble. To 

   (4) 

 is a 

nce, the 

iven in 

ing the 

re only 

for the 

pricing 

is left, 

hat the 

ditions, 

DB can 

nge — 

may be 

ven by 

ced by 

ng hits 

ns must 

proceed 

ckward 

lowing 



www.sciedu

Published by

or in shorth

where the c

Inserting th
the literatur

for 

class of par

The bound

transforme

for 

for 

We are now
however, th
(Note 6) 

Lemma 4.1

u.ca/ijfr 

y Sciedu Press  

hand notation: 

constants  

hese substitutio
re: (Note 5) 

 and 

rabolic differen

dary conditions

d variables, giv

 where 

 turns 

 

w well prepare
he derivation, w

1 In the Black-S

I

             

and  are de

ons into the Bl

ntial equations

s 

ven in eqs (5)–

we define 

under the sam

ed to derive th
which can be f

Scholes model 

International Jou

         15

efined as 

lack-Scholes P

 Note tha

. (See, for exam

 and 

–(7), the bound

me transformatio

he pricing form
found in Ebenf

the arbitrage-f

urnal of Financia

             

DE indeed yie

at eq. (8) is a li

mple, Evans, 1

daries turn into

 as 

ons into the fol

mula of the OD
feld, Mayr and 

free price of an

al Research

             

       

       

 

elds the heat eq

           

inear second o

998, p. 349 ff.

 have to b

 

a shorthand 

llowing initial 

 

DB within the B
Topper (2002)

n ODB option f

ISSN 1923-402

           

           

 
quation, extens

           

order PDE. In f

) 

be transformed

notation. Th

condition 

Black-Scholes
), and state the

f is given by 

Vol. 4, No. 4

23  E-ISSN 192

           

           

     

sively investiga

           

fact, it belongs

d as well. Usi

he final con

s model. — W
eir result imme

4; 2013 

23-4031 

   (5) 

   (6) 

   (7) 

ated in 

   (8) 

s to the 

ing the 

ndition

We skip, 
diately. 



www.sciedu

Published by

Thus far w

may be de

decomposi

obtain the p

Theorem 4

5. An Alte

In this sec
point is the
staying wi
probabilisti
similar app
probabilisti
suitable pr
approach i
equation. 

Note that e
is still pos
covers only
an alternati
new price. 

Recall that
payoff 

where X is 

of the payo

Note that a

u.ca/ijfr 

y Sciedu Press  

we have derived

ecomposed int

tion. To this en

pricing formula

.2 In the Black

rnative Appro

tion an alterna
e observation t
ithin the barri
ic approach ba
proach is also 
ic approach. K
robability mea
s more intuitiv

even though we
sible to find a
y solutions der
ive formula mu
 

t the risk-neutr

the option’s p

off function tha

although we wi

I

             

d a pricing form

o three ODB 

nd, it remains t

a for Onion op

k-Scholes mode

oach to Price O

ative approach
that the value 
ers during the

ased on directly
done by Gem

Kunitomo and
asure. Our app
ve than the tra

e are able to sh
another formul
rived by solvin
ust yield the sa

ral valuation fo

ayoff function

an the one in eq

ish to evaluate 

International Jou

         16

mula for ODB

options, 

to substitute th

ptions: 

el the arbitrage

ODBs 

h for pricing O
of an ODB op
e option’s life
y computing th

man and Yor G
d Ikeda (1992)
proach rest up
ansformation o

how that the pr
la. However, a

ng the Black-Sc
ame value of a

ormula states t

. Yet, in order 

q. (1). This ma

the Onion opti

urnal of Financia

             

options. Since

he ODB’s pricin

e-free price of a

ODBs and, the
ption may be v
e, discounted 
he risk-neutral

Geman and Yo
) price double
on their work
of a suitable v

icing formula d
a different app
choles PDE lea
an Onion option

that the option

to use this form

y be achieved 

ion, the payoff 

al Research

             

e we have seen

ng formula (9)

an Onion optio

erefore, Onion 
viewed as the p
at  and .

l valuation form
or (1996) who 
e barrier optio
k. — Eventual
version of the 

derived from th
proach must be
aving the door 
n. Hence, a ne

n’s arbitrage pr

rmula, it is usef

by using the in

f of which is gi

ISSN 1923-402

n in Section 3 

 it rem

) on the right h

on  is

options is pre
probability of 
 This encoura
mula for curren
price double 

ons with curve
lly, we feel th
Black Schole

the Black-Scho
e chosen. The 
open for altern

ew formula may

rice equals its 

ful to have a m

ndicator functio

 
iven by 

 

Vol. 4, No. 4

23  E-ISSN 192

    

that an Onion 

mains to rever

hand side and th

s given by 

esented. Our s
the underlying

ages us to fol
ncy options (A
barrier options
ed boundaries
hat this probab
es PDE into th

oles PDE is uni
uniqueness th

native ways. C
y be found, bu

discounted ex

more compact v

on  

4; 2013 

23-4031 

   (9) 

option 

se this 

hen we 

  (10) 

starting 
g price 
llow a 

A.1). A 
s via a 
s via a 
bilistic 

he heat 

ique, it 
heorem 
Clearly, 
ut not a 

xpected 

version 



www.sciedu

Published by

it is suffici
obtain 

Substitutin

In order to

the literatur

for all 

about curre

Now this a

process 

The proces

It is easy to

Observe th

Next we sh

For a fixed

u.ca/ijfr 

y Sciedu Press  

ent to derive a

g  in the r

o calculate this 

re that under th

where 

ency options, b

alternative form

 is defined fo

ss  is def

o verify that wi

hat 

how in which 

d point in time 

I

             

a valuation form

risk-neutral val

conditional ex

he martingale m

 is a shortha

both the domes

mulation for 

for a fixed 

fined the follow

ith the help of 

 

way the maxim

 th

International Jou

         17

mula for the O

luation formula

xpectation we 

measure ℙ∗ th

and notation f

tic and the fore

 is utilize

 as  

wing way 

mum of the ne

he maximum M

urnal of Financia

             

ODB, because t

a yields 

define an auxi

he process 

for 

eign interest ra

ed in the defini

 can be writte

ew process dep

M(T), can be rew

al Research

             

the conditional

iliary process 

can also be w

 Note that 

ate together det

ition of  Th

en as 

pends on M(T)

written with he

ISSN 1923-402

l expectation is

 

First, how

written as 

since we are 

termine the dri

he respective n

 

 

 

), the maximum

e help of 

Vol. 4, No. 4

23  E-ISSN 192

s linear and we

 

wever, we recal

 

primarily con

ift of the proce

new auxiliary W

m of the old pr

 

4; 2013 

23-4031 

e, thus, 

ll from 

ncerned 

ss  

Wiener 

rocess. 



www.sciedu

Published by

A correspo

This new v

The first e

We define 

 of the

In order to
current spo
Kunitomo 

u.ca/ijfr 

y Sciedu Press  

onding equation

 analogous

version of the p

equality holds

 are indepen

the price of a

e underlying an

o compute g w
ot price of the 
and Ikeda (199

I

             

n holds for the

sly. Using this 

payoff function

s because 

ndent of the 

an ODB option

nd the time 

we need a dens
underlying. Th

92). 

International Jou

         18

e minimum, an

result the ODB

n is substituted 

 an

algebra 

n 

 

sity function fo
he following th

urnal of Financia

             

nd we thus defi

B’s payoff func

in the risk-neu

nd  are

 (Note 7) 

for two absorb
heorem provid

al Research

             

fine the minimu

ction  may

utral valuation 

e measura

 as a

ing barriers, o
des exactly this

ISSN 1923-402

 

um of the proc

y be rewritten a

formula, yield

able. Moreover

a function of th

one above and 
s density funct

Vol. 4, No. 4

23  E-ISSN 192

cess  deno

as  

 

ding 

 

r, 

he current spo

 
the other belo

tion. It is taken

4; 2013 

23-4031 

oted by 

 and 

ot price 

ow the 
n from 



www.sciedu

Published by

Theorem 5

the probab

where 

with 

Proof: For
substitute 

Now the re

valuation f

therefore, w

measu

Hence, we 

u.ca/ijfr 

y Sciedu Press  

5.1 Suppose 

ility that 

 being the den

r the proof see
δ 	 δ 0 

equired density

formula of the

we have 

urable. The tim

 Formally

obtain 

I

             

 follo

nsity function o

e the appendix 
in their proof. 

y function is fo

e Onion option

 Furt

me interval in

y this yields 

International Jou

         19

ws the geomet

f

of the normal d

of Kunitomo 

ound and we th

n. Note that th

thermore, the u

n which 

urnal of Financia

             

tric Brownian w

for all 

distribution. 

and Ikeda (19

hus can calcula

he underlying 

upper barrier is

 is defined

al Research

             

with 

 and 

 

992). In order 

ate the conditio

process is no

s  and th

d is [0, T -

ISSN 1923-402

 and 

 is 

to get straight

onal expectatio

ow the auxilia

he lower one is

t]. The interv

 

Vol. 4, No. 4

23  E-ISSN 192

 

t barriers we h

on in the risk-n

ary one 

  where

val I is, of c

        

4; 2013 

23-4031 

 Then 

have to 

neutral 

 and, 

 is 

course, 

 

  (11) 



www.sciedu

Published by

where 

We have th
we just hav

6. Exampl

In this sect
used to com
order to cal

As a first e
USD/Euro 

Table 1. Ex
with the US

 

18/10/02 

25/10/02 

31/10/02 

04/11/02 

08/11/02 

15/11/02 

20/11/02 

25/11/02 

02/12/02 

05/12/02 

10/12/02 

16/12/02 

20/12/02 

02/01/03 

06/01/03 

10/01/03 

15/01/03 

20/01/03 

22/01/03 

 

u.ca/ijfr 

y Sciedu Press  

 stands a

hus arrived at a
ve to add three 

es 

tion we use th
mpare the actu
lculate the latte

example consid
exchange rate

xample with W
SD/Euro excha

0

0

0

0

1

1

1

0

0

1

1

1

1

1

1

(Note 9) 

1

1

1

1

I

             

again for the sta

a pricing formu
ODB pricing f

he previously d
ual spot prices 
er, either of bo

der the Onion o
. This option ex

WKN: 683 689 
ange rate as un

  

0.9719 

0.9778 

0.9869 

0.9951 

1.0100 

9.4

9.0

9.0

8.9

9.1

1.0045 

1.0021 

0.9950 

0.9931 

1.0001 

8.8

8.8

8.7

8.4

8.3

1.1032 

1.0215 

1.0246 

1.0474 

1.0472 

8.3

8.3

8.3

8.4

8.6

1.0519 

1.0518 

1.0658 

1.0690 

8.7

8.6

8.6

8.5

International Jou

         20

andard normal

ula for ODB op
formulas with t

derived formul
of an Onion o
th formulas ma

option with the
xpires on June

Comparison o
nderlying. 

4113% 

0635% 

0473% 

9488% 

1379% 

2.5

2.5

2.5

2.5

2.5

8538% 

8193% 

7629% 

4754% 

3665% 

2.5

2.5

2.5

2.5

2.5

3937% 

3277% 

3547% 

4512% 

6746% 

2.5

2.5

2.5

2.5

2.5

7311% 

6822% 

6585% 

5790% 

2.5

2.5

2.5

2.5

urnal of Financia

             

l distribution an

ptions. In order
the respective 

las (10) and (1
option with its 
ay be applied, 

e WKN 683 98
e 23rd, 2003 (N

of the actual sp

 

0% 

0% 

0% 

0% 

0% 

1.5%

1.5%

1.5%

1.5%

1.5%

0% 

0% 

0% 

0% 

0% 

1.5%

1.5%

1.5%

1.5%

1.5%

0% 

0% 

0% 

0% 

0% 

1.5%

1.5%

1.5%

1.5%

1.5%

0% 

0% 

0% 

0% 

1.5%

1.5%

1.5%

1.5%

al Research

             

nd the followin

r to obtain a pr
barriers in the 

11) in order to
theoretical val
as both must y

89 (ISIN DE00
Note 8) and it h

pot price and th

price 

% 

% 

% 

% 

% 

18.610

19.666

18.350

16.990

15.020

% 

% 

% 

% 

% 

16.600

17.900

20.230

20.370

19.640

% 

% 

% 

% 

% 

17.530

15.080

14.290

8.270 

8.730 

% 

% 

% 

% 

6.230 

6.590 

2.670 

1.580 

ISSN 1923-402

ng shorthand n

ricing formula 
same way as w

o provide two 
lue in the Blac

yield the same v

00683989/7) w
has these barrie

 
heoretical valu

18.7253 

19.5221 

18.9767 

18.3347 

15.4963 

17.4627 

18.2201 

19.8067 

21.0924 

20.3655 

17.7036 

15.9169 

15.1612 

8.0362 

8.0156 

6.4316 

6.6088 

2.2781 

1.5071 

Vol. 4, No. 4

23  E-ISSN 192

notations are us

 

for the Onion 
we did in sectio

examples. The
ck-Scholes mo
value. 

which is based 
ers 

ue of an Onion 

  

-0.34%

+0.73%

-3.41%

-7.91%

-3.17%

-5.20%

-1.82%

+2.09%

-3.55%

-3.69%

-1.01%

-5.55%

-2.83%

+2.83%

+8.18%

-3.24%

-0.29%

+14.68%

+4.61%

4; 2013 

23-4031 

sed 

option 
on 4. 

ese are 
odel. In 

on the 

option 

% 



www.sciedu

Published by

The obtain
theoretical 
makes them
few except

As a secon
(ISIN DE0

Table 2. Ex
with the Ye

 

09/10/02 

23/10/02 

06/11/02 

20/11/02 

27/11/02 

11/12/02 

27/12/02 

08/01/03 

22/01/03 

29/01/03 

12/02/03 (

19/02/03 

05/03/03 

12/03/03 

26/03/03 

09/04/03 

22/04/03 

The results
theoretical 
Black-Scho
opportuniti
arbitrage op

Now consi
same barrie
option of o
September 

WKN

683 9

686 9

In fact, the
of options 
which can 
third barrie

u.ca/ijfr 

y Sciedu Press  

ned results are 
value which i

m comparable 
tions. Hence, m

d example we 
00683896/3). T

xample with W
en/Euro exchan

12

12

12

12

12

12

12

12

12

12

(Note 11) 12

12

12

12

12

12

13

s obtained for 
prices are m

oles model ar
ies vanishing; 
pportunities di

der an accomp
ers as the optio

our previous ex
22nd, 2003. S

N 

986 

983 

se prices provi
of the cheaper
be invested in

er, then both op

I

             

provided in T
is defined as ε
for different sp

most of the time

consider an On
This option exp

WKN: 683 686 
nge rate as und

 

21.7019 

21.5562 

21.9740 

22.6710 

21.6544 

7

8

7

7

7

24.6015 

24.5606 

25.0861 

26.5813 

28.5304 

7

7

7

7

6

29.8147 

27.4619 

28.8728 

29.4159 

28.2362 

6

7

7

7

7

28.6894 

31.6842 

7

7

this option ar
more substanti
re not justified

investors may
id exist for som

panying Onion 
on in the last ex
xample expires
ome of their re

expiration 

22/12/03 

22/09/03 

ided an arbitra
, shorter-runni

n a risk free bo
ptions expire w

International Jou

         21

able 1. The la
ε  (price−f)/p
pot prices. In th
e the actual pri

nion option wi
pires on Decem

Comparison o
derlying 

 

7.8039% 

8.7051% 

7.3572% 

7.4478% 

7.8869% 

2

2

2

2

2

7.2392% 

7.3176% 

7.0877% 

7.0960% 

6.9938% 

2

2

2

2

2

6.9912% 

7.1982% 

7.3143% 

7.2765% 

7.4387% 

2

2

2

2

2

7.4674% 

7.4721% 

2

2

re displayed in
ial than in th
d in the pres
y be barred f

me time, no trad

option, the opt
xample. The on
 on December 

espective actua

3/10/02

9.42 

7.19 

ge possibility: 
ing option. The
ond. The follow
worthless. How

urnal of Financia

             

st column den
price. This is 
his example	ε	i
ice is very clos

ith the Yen/Eur
mber 22nd, 200

of the actual sp

 

2.50% 

2.50% 

2.50% 

2.50% 

2.50% 

0.

0.

0.

0.

0.

2.50% 

2.50% 

2.50% 

2.50% 

2.50% 

0.

0.

0.

0.

0.

2.50% 

2.50% 

2.50% 

2.50% 

2.50% 

0.

0.

0.

0.

0.

2.50% 

2.50% 

0.

0.

n Table 2. The
he first examp
ent context: T

from replicatin
der may have r

tion with the W
nly difference 
22nd, 2003, th

al spot prices w

2 23

8.

7.

Sell the longe
e difference be
wing scenarios

wever, that happ

al Research

             

notes the relativ
a suitable mea
is almost alwa

se to the theore

ro exchange ra
03 and its barri

pot price and th

 pric

1% 

1% 

1% 

1% 

1% 

8.65

8.87

10.3

10.7

11.2

1% 

1% 

1% 

1% 

1% 

9.45

9.32

9.97

8.43

6.49

1% 

1% 

1% 

1% 

1% 

3.07

5.74

4.49

4.32

5.56

1% 

1% 

4.81

0.97

e relative devia
ple. Arguably 
Transaction co
ng and trading
realized this.

WKN 683 983.
between the tw

his option expi
were: 

3/10/02 

.87 

.02 8

er-running optio
etween the two
s might now ha
pens only simu

ISSN 1923-402

ve difference b
asure for the d

ays between −5
etical value. 

ate as an underl
iers are (Note 1

 
heoretical valu

ce 

5 

7 

38 

71 

28 

10.99

11.80

12.79

12.22

12.29

5 

2 

7 

3 

9 

10.65

10.99

10.82

8.370

4.732

7 

4 

9 

2 

6 

2.818

6.793

4.610

3.757

6.139

1 

7 

5.536

0.227

ation of the ac
y the assumpt
ost may make
g exotic optio

. It has the sam
wo is the expir
ires already thr

13/11/02 

10.34 

8.33 

on short, and b
o spot prices is 
appen: Either t
ultaneously as t

Vol. 4, No. 4

23  E-ISSN 192

between the re
difference bec
5% and 5% wit

lying: WKN 6
10) 

ue of an Onion 

  

946 

035 

964 

276 

992 

-27.11

-33.43

-23.28

-14.17

-9.04%

07 

937 

285 

05 

24 

-12.71

-17.96

-8.61%

+0.71

+27.0

3 

3 

02 

76 

92 

+8.20

-18.35

-2.68%

+13.0

-10.42

60 

77 

-15.09

+76.5

ctual prices fro
ions underlyin
e potential arb
ns. And also,

me underlying a
ration date. Wh
ree months ear

27/11/02 

11.28 

9.38 

buy the same n
already a save

the options rea
they have exac

4; 2013 

23-4031 

eal and 
ause it 
th only 

83 986 

option 

1% 

3% 

8% 

7% 

% 

1% 

6% 

% 

% 

08% 

0% 

5% 

% 

02% 

2% 

9% 

53% 

om the 
ng the 
bitrage 
 while 

and the 
hile the 
rlier on 

number 
e profit 
ach the 
ctly the 



www.sciedu.ca/ijfr International Journal of Financial Research Vol. 4, No. 4; 2013 

Published by Sciedu Press                        22                           ISSN 1923-4023  E-ISSN 1923-4031 

same barriers. In this case, there is still the margin from the beginning — a riskless profit. In the other scenario the 
long position yields a positive payoff at maturity, the exact amount of which of course depends on the barriers which 
were hit. Yet, irrespective of which barriers are hit, the options in the short position have reached the same barriers 
and can, therefore, not yield a higher payoff. Therefore, use the payoff of the short-running option to either settle the 
short position at maturity, or if it expires worthless before maturity, an additional profit is collected. — Remarkably, 
this arbitrage opportunity lasted for almost two months until at least the relative price difference was reduced in the 
market. 

This type of mispricing is hard to explain within the Black-Scholes model: There is no reason for any investor to buy 
the longer-running option, and the emitting bank runs the risk of potential losses if customers become aware of this 
arbitrage opportunity. In fact, if someone had detected this opportunity, prices should have adjusted quickly. Since 
this obviously did not occur, we may conclude that the Black-Scholes model is only of limited scope within this 
framework. In particular, within the Black-Scholes model, it is assumed that the market is frictionless, implying that, 
among other things, a single deal has no direct effect on the option’s price. However, the thinner the trading volume 
is, the more unrealistic is this assumption — and notably exotic derivatives frequently have a thin trading volume. 
Also, the Black-Scholes model may simply not be applicable, and correspondingly the issuer may have decided not 
to price the option according to the arbitrage-free price within the Black-Scholes model. 

7. Conclusions 

In this paper we have considered a particular type of an exotic option: Onion options. This type of an option may be 
viewed as a modified double barrier option: it has several corridors and each time the price of the underlying touches 
either the upper or the lower barrier of a corridor, the payoff of the option is reduced by some given amount. If up to 
the time of maturity of the option, the barriers of all corridors are touched, the option ceases to exist and the payoff is 
nil, otherwise the payoff is determined by those corridors the barriers of which are not hit. 

Although the payoff of an Onion option is determined by a simple rule, their valuation is by no means simple. In 
order to obtain an arbitrage-free formula within the Black-Scholes model, two features turn out to be of significant 
importance. Firstly, an Onion option may be decomposed into several one-touch double barrier binary options 
(ODB); and secondly, both the Onion option and the ODB may be regarded as to be path independent as their payoff 
does not directly depend on the path of the underlying provided that the option is alive at maturity. Given these two 
features one can derive pricing formulas for the Onion option. Ebenfeld, Mayr, and Topper (2002) provide such a 
formula based on the well known Black-Scholes PDE. 

We recapitulate this result and then provide an alternative pricing rule based upon the risk-neutral valuation formula 
for currency options. Although both formulas are derived in different ways and look differently — in fact both 
formulas require the calculation of an infinite sum — , the prices they yield for a given option necessarily coincide. 
So both the formula of Ebenfeld, Mayr, and Topper as well as ours allow for calculating the arbitrage-free price of an 
Onion option, and then to compare this price with the actual spot market price. 

A few questions are left open for further research. One is to scrutinize the numerical behaviour of both valuation 
formulae, i.e., their speed of convergence, numerical stability etc. Moreover, it is also an open question how an 
Onion option can be hedged without using Onion options or other double barrier derivatives. Finally, one may 
modify the payoff structure of the Onion option somewhat so as to generate new, closely related products. For 
example, one may consider an Onion option with knock-in effects instead of with knock-out effects. 
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