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Abstract 

This paper studies the time-consistent optimal portfolio strategy of an investor with an exogenous liability. Assume 
that the investor adopts the mean-variance criterion and trades continuously in a market consisting of one risk-free 
asset and one risky asset; and the price of the risky asset and the value of the exogenous liability are governed by 
geometric Brownian motions. An extended Hamilton-Jacobi-Bellman equation is derived, and the analytical 
expressions of the time-consistent optimal portfolio strategy and the mean-variance efficient frontier are obtained. A 
numerical example is provided to show the results. Our main findings are: (1) introducing an exogenous liability 
makes the time-consistent optimal portfolio strategy be a stochastic process; (2) the efficient frontier under the 
time-consistent optimal strategy for asset-liability management is below both the one under the time-consistent 
optimal strategy in the case of no liability and the one under the pre-commitment optimal strategy for asset-liability 
management.  

Keywords: Time-consistent, Asset-liability management, Mean-variance criterion, Portfolio selection, Exogenous 
liability 

1. Introduction 

For an investor, it is important to seek the best allocation of her/his wealth among a variety of securities so as to 
achieve her/his objective given in advance. Over the past few decades, many scholars have focused on this problem. 
Among their works, the mean-variance (MV) portfolio selection pioneered by Markowitz (1952) is the most 
influential one and provides a fundamental basis for portfolio construction in a single period. After Markowitz's work, 
it has been difficult for scholars to derive significant results for multi-period MV portfolio selection for a long time. 
This situation is changed by introducing the embedding technique, initiated by Li and Ng (2000) and Zhou and Li 
(2000), which is used to transform a nonseparable dynamic multi-period MV problem to the one which can be solved 
directly by dynamic programming approach. Consequently, the analytical optimal solutions in discrete-time 
multi-period case and continuous-time case are derived, respectively. Since then, numbers of scholars study this 
problem in a more realistic market or with more realistic constraints. For instance, Zhou and Yin (2003) and Yin and 
Zhou (2004) investigate a continuous-time MV portfolio selection problem with regime switching, while Çakmak 
and Özekici (2006) and Çelikyurt and Özekici (2007) consider a discrete-time multi-period version; Bielecki et al. 
(2005) study a continuous-time MV portfolio selection problem with bankruptcy prohibition in a market which all 
the market coefficients are random, while Zhu et al. (2004) investigate the discrete-time multi-period case. 

The literature mentioned above does not take account of liability. However, there are some kinds of institutions, for 
instance, banks and pension funds, which have to consider both sides of the balance sheet. Thus, liability is an 
essential factor for such institutions. Noticed this point, many scholars have investigated portfolio selection problems 
with liability. For instance, Sharpe and Tint (1990), for the first time, investigate the single-period asset-liability (AL) 
management under the MV criterion. Leippold et al. (2004) present a geometric approach to a discrete-time 
multi-period MV portfolio selection problem with liabilities and derive the analytical solution in a special case. Yi et 
al. (2008) solve the discrete-time multi-period portfolio problem for AL management with uncertain investment 
horizon. Chiu and Li (Chiu and Li, 2006) use geometric Brownian motion to govern the exogenous liability and 
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solve the continuous-time AL management problem, they derive both the analytical solution and the MV efficient 
frontier by using stochastic linear-quadratic technique. Employing the technique of Zhou and Yin (2003), Chen et al. 
(2008) and Xie (2009) solve a continuous-time MV portfolio selection problem with liability and regime switching. 
The liabilities in Chen, Yang and Yin (2008) and Xie (2009) are governed by geometric Brownian motion and 
Brownian motion with drift respectively. Recently, Zeng and Li (2011a) and Zeng et al. (2013) use the Lévy process 
to govern the exogenous liability and investigate continuous-time AL management problems under benchmark and 
MV criterion in a jump diffusion market by adopting stochastic dynamic programming and duality theory. Noticed 
that the MV objective function lacks the iterated-expectation property, traditional dynamic programming approach is 
unable to apply directly to the dynamic portfolio selection problem with MV criterion. The literature mentioned 
above handles this problem by employing either the martingale method or the embedding technique under the 
implicit assumption that the decision-makers choose the optimal strategies at an initial time and commit that they 
will follow the strategies chosen at the initial time in the future. However, because of the lack of the 
iterated-expectation, MV criterion is actually time-inconsistent. It means that, unless there exists some 

pre-commitment mechanism, the optimal strategy *
0u , which represents the optimal solution of MV portfolio 

selection problem of the investor starting from time 0t  within the investment horizon 0[ , ]t T , is different from the 

optimal strategy *
1u , which is derived by solving the MV portfolio selection problem of the investor with the initial 

time 1t  and the investment horizon 1[ , ]t T , where 0 1t t  and T is the terminal time of investment horizon. Here, 

the difference between *
0u  and *

1u  means that there exists a subset 1[ , ]t T , such that t  , * *
0 1( ) ( )u t u t . 

Thus, the optimal strategy of dynamic portfolio selection problem with MV criterion derived by employing the 
martingale method or the embedding technique under the pre-commitment assumption is referred as pre-commitment 
strategy. However, it is necessary for rational decision-makers in many situations that the optimal strategy is 
time-consistent. This is because, at any point of the investment horizon, the investor will choose the strategy which is 

optimal sitting at current time instead of the one being optimal at an initial time only. Thus, if *
0  and *

1  are the 

time-consistent optimal portfolio strategies for the time 0t 's investor and the time 1t 's investor under the MV 

criterion within the investment horizon 0[ , ]t T  and 1[ , ]t T , respectively, where 0t , 1t  and T are mentioned above, 

they must satisfy the condition * *
0 1( ) ( )t t  , 1[ , ]t t T  . Strotz (1956), for the first time in 1956, formalizes 

time-consistency and proposes that time-inconsistent problems can be solved either by the pre-commitment strategies 
or by the time-consistent strategies. It is not until recently that time-consistent stochastic problems attract much 
attention once again. Ekeland and Pirvu (2008) investigate the Merton portfolio selection problem in the context of 
non-exponential discounting which gives rise to the time-inconsistency and provide an explicit solution for the case 
of logarithmic utility. Marín-Solano and Patxot (2012) analyze a model in which the instantaneous utility function 
and the final function are discounted at different instantaneous discount rates of time preference, and derive a 
dynamic programming equation whose solutions are time-consistent. Björk and Murgoci (2010) and Björk et al. 
(2012) view the time-consistent stochastic control problems within a game theoretic framework, and derive an 
extended Hamilton-Jacobi-Bellman equation to determine the equilibrium strategy and the equilibrium value 
function. Basak and Chabakauri (2010) solve the dynamic MV portfolio problem within a general incomplete-market 
economy and derive its time-consistent optimal strategy by employing dynamic programming. Czichowsky (2013) 
develops a time-consistent formulation of the MV portfolio selection in a general semimartingale setting, and studies 
both the discrete-time case and the continuous-time case. Wang and Forsyth (2011) develop a numerical scheme for 
determining a time-consistent optimal strategy for the continuous-time MV portfolio selection problem with any type 
of constraints to be applied to the investment behavior. Zeng and Li (2011b) derive the analytical time-consistent 
optimal strategies and the optimal value functions for an investment-reinsurance problem and an investment-only 
problem for an insurer who holds the MV criterion. Recently, Li et al. (2012) consider the above problems under 
Heston's stochastic volatility model and also derive the analytical optimal strategies and optimal value functions. 
To our knowledge, there is no literature on the time-consistent portfolio strategy of the dynamic AL management 
problem. However, for an investor whose liability is essential to her/his balance sheet, how to choose the 
time-consistent portfolio strategy under the MV criterion is an important problem. Therefore, we investigate this 
meaningful problem in this paper. Specially, we consider an investor who trades continuously in a market consisting 
of one risk-free asset and one risky asset, and has to take her/his liability into account. Adopting the MV criterion, 
the investor intends to find out the time-consistent optimal portfolio strategy which will be followed during the 
whole investment horizon. The rest of the paper is organized as follows. Section 2 describes the assumptions and the 
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model. Section 3 provides the extended HJB equation of the problem and the analytical time-consistent optimal 
portfolio strategy. The MV efficient frontier is computed in Section 4. Section 5 presents a numerical example to 
illustrate our results. Section 6 concludes this paper. The proofs are provided in the Appendix, which is in section 7. 

2. Assumptions and Modeling 
At the beginning, we consider a filtered complete probability space

0( , ,{ } , )t t T  F F P , where T  is a finite 

constant representing the investment horizon; tF  stands for all the information available at time t , and is the 

augmented filtration generated by 2-dimensional standard Brownian motion 0{( ( ), ( ))}W t W t . Assume that all 

processes introduced below are well defined on this space. 
Consider an investor who trades in a financial market consisting of a risk-free asset (bond or bank account) and a 
risky asset (stock or mutual fund). The price process of the risk-free asset, denoted by 

0 ( )A t , evolves according to 

the ordinary differential equation (ODE) 

 0 0 0 0 0d ( ) ( )d , (0) ,A t r A t t A a                    (1) 

where 0a  is the initial price of the risk-free asset; 0r  is the positive constant interest rate. The price process of the 

risky asset, denoted by ( )A t , follows the stochastic differential equation (SDE) 

 d ( ) ( )[ d d ( )]A t A t r t W t  , (0)A a ,  (2) 

where a  is the initial price of the risky asset; the appreciation rate r  and the volatility   are positive constants. 

Assume that the initial wealth of the investor is x0 and she/he will choose a portfolio strategy 0{ ( )} t Tt     to 

achieve her/his objective, where ( )t  is the dollar amount of wealth invested in the risky asset at time t. When the 

strategy   is adopted, the corresponding wealth process, denoted by ( )X t , is described as 

 0 0 0d ( ) [ ( ) ( ) ( )]d ( )d ( ), (0) .X t r X t r r t t t W t X x         (3) 

Besides the assets, the investor takes an exogenous liability into account. The “exogenous” means that the liability is 
not affected by the portfolio, thus it is uncontrollable. The value process of liability ( )L t  evolves as 

 0d ( ) ( )[ d d ( )], (0) ,L t L t t W t L l       (4) 

where 0l  is the initial value of the liability; { ( )W t } is a one-dimensional standard Brownian motion defined on 

the underlying probability space 0( , ,{ } , )t t T  F F P  . Denote   as the correlation coefficient between 

( )W t  and ( )W t . According to Koo (1998), ( )W t  can be expressed as the linear combination of ( )W t  and 
0 ( )W t : 

 2 0( ) ( ) 1 ( ).W t W t W t     

In addition, we define the surplus at time t to be the difference between the asset value and the liability value, as 

( ) ( ) ( )S t X t L t   . Thus the process of ( )S t  evolves as 

0 0 0 0d ( ) [ ( ) ( ) ( ) ( ) ( )]d ( )d ( ) ( )d ( ), (0) ,S t r S t r L t r r t t t W t L t W t S s              (5) 

where 0 0 0s x l  ; ( )L t  is governed by (4). 

A strategy   is said to be admissible if it satisfies the following conditions: (1) [0, ]t T  , ( )t  is tF

-progressively measurable; (2) 2

0

E[ | ( ) | d ]
T

t t   . Denote   as the set of all admissible strategies. 

Assume that the investor adopts the MV criterion to guide her/his investment. That is, the optimization problem of 
the investor can be stated as  

 0 0 0 00, , 0, ,max        E [ ( )] Var [ ( )]
2

subject to  (4)  and  (5),

s l s lS T S T 






    (6) 

where 
, ,E [ ] E[ | ( ) , ( ) ]; (0, )t s l S t s L t l         is a constant and represents the risk aversion coefficient of the 

investor.  
The aim of our work is to derive the time-consistent optimal strategy rather than the pre-commitment optimal one for 
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this problem. Actually, the MV optimization problem with pre-commitment means that the objective function of the 
investor is always 

0 0 0 00 0 0 0, , 0, ,(0, , )= E [ ( )] Var [ ( )].
2s l s lU s l S T S T 

  

In contrast, the investor in the MV optimization problem without pre-commitment changes her/his objective function 
according to the current status, i.e. the objective function at time t is 

 
, , , ,( , , )= E [ ( )] Var [ ( )].

2t s l t s lU t s l S T S T 
   (7) 

It can be understood that the investor with pre-commitment mechanism pre-commits herself/himself to the target 
determined at the initial time and does not update it, while the one without pre-commitment updates her/his objective 
at any subsequent time. Consequently, the MV optimization problem with pre-commitment can be regarded as a 
static optimization problem in the sense of static objective function, while the one without pre-commitment can be 
regarded as a dynamic MV optimization problem because of its dynamic updating of the objective. 

3. Solution 

By means of a recursive formulation which is based on stochastic dynamic programming, we can solve the MV 
optimization problem without pre-commitment. Our method is analogous to that of Basak and Chabakauri (2010). 

Based on the law of total variance (see Weiss (2005)), we obtain the following recursive formula of the time t 's 
objective function: 

 

, , , ( ), ( ) , ( ), ( )

, , , ( ), ( )

, , , , , ( ), ( )

( , , ) E E [ ( )] Var [ ( )]
2

Var E [ ( )]
2

E U( , ( ), ( )) Var E [ ( )] , 0.
2

t s l t S t L t t S t L t

t s l t S t L t

t s l t s l t S t L t

U t s l S T S T

S T

t S t L t S T

 





 
     


  

 
  





   

     

  

  

    

   

           

  (8) 

The adjustment term
, , , ( ), ( )

Var E [ ( )]
2 t s l t S t L t

S T


  


  

   
 reflects the incentive of the time t  's investor to 

change the time t 's optimal strategy. Because of this term, we determine the optimal portfolio strategy by backward 
induction as in Basak and Chabakauri (2010). The backward induction is such a method which assumes that at each 
moment the investor chooses the strategy which is actually optimal at any subsequent time and thus will be followed 
in the future. Thus, the investor will follow the optimal portfolio strategy derived by backward induction during the 
whole investment horizon, which means that it is a time-consistent optimal strategy. 

Given the time-consistent optimal strategy *( ), [ , ]s s t T  , the optimal value function J  is defined as 

 
* *

, ( ), ( ) , ( ), ( )
( , ( ), ( )) E [ ( )] Var [ ( )],

2t S t L t t S t L t
J t S t L t S T S T 

  
     (9) 

where the terminal surplus 
*

( )S T  is computed under the optimal strategy *( ), [ , ]s s t T  . The recursive 

relationship for ( , ( ), ( ))J t S t L t  is necessary and can be derived as follows. Suppose 0   is a decision-making 

interval which means that the investor will follow the optimal strategy *( )s  within interval [ , ]t T , while 

she/he will search for the optimal strategy within interval [ , ]t t  . According to the recursive formula (8) of 

objective function ( , , )U t s l , 

 
, , , ,

( ): [ , ]

, , , , , ( ), ( )( ): [ , ] ( ): [ , ]

( ): [ ,

( , ( ), ( ))

max E [ ( )] Var [ ( )]
2

= max max E [U( , ( ), ( ))] Var [E [ ( )]]
2

max

t s l t s l
s s t T

t s l t s l t S t L ts s t t s s t T

s s t t

J t S t L t

S T S T

t S t L t S T



 



 
     

 



  



     

 

   
 
       

  


*

, , , , , ( ), ( )]
E [ ( , ( ), ( ))] Var [E [ ( )]]

2t s l t s l t S t L t
J t S t L t S T

 
  

  
  

     
 

     (10) 
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where ( , ( ), ( ))J t S t L t     and 
*

, ( ), ( )
E [ ( )]

t S t L t
S T


    
 on [ , ]t T are computed under the strategy 

*( ), [ , ]s s t T   , and the states ( )S t   as well as ( )L t  . Thus, the problem of the investor at time t  

is to find a portfolio strategy  ( ),  for [ , ]s s t t    such that

*

, , , , , ( ), ( )
E [ ( , ( ), ( ))] Var [E [ ( )]]

2t s l t s l t S t L t
J t S t L t S T

 
  

  
  

     is maximized. (10) means that, on 

the one hand, within interval [ , ]t T , the time t 's investor will follow the strategy *( )s , which is the 

time-consistent optimal strategy for the time t  's investor within the investment horizon [ , ]t T ; on the other 

hand, because of the term 
*

, , , ( ), ( )
Var [E [ ( )]]t s l t S t L t

S T


    
, strategy *( ), [ , ]s s t T   , may not be the 

optimal strategy for the time t 's investor. Thus, given by the time-consistent optimal strategy *( ), [ , ]s s t T   , the 

time t 's investor should find a optimal strategy in the sense of (10) within interval [ , ]t t  . 

Lemma 3.1 

Assume that *( ), [ , ]s s t T  , is the time-consistent optimal portfolio strategy of time t 's investor in problem (6). 

Define 
 *

0, ( ), ( )
( , ( ), ( )) E [ ( )] ( )exp( ( ))

t S t L t
f t S t L t S T S T r T t

        (11) 

where 
*

( )S T  is the terminal surplus under *( ), [ , ]s s t T  . Then ( , ( ), ( ))f t S t L t  can be computed as 

 *
0 0 0, ( ), ( )

( , ( ), ( )) E exp( ( ))[( ) ( ) ( ) ( )]ds .
T

t S t L t t
f t S t L t r T s r L s r r s

           (12) 

Theorem 3.1 

The optimal value function ( , ( ), ( ))J t S t L t  of problem (6) satisfies the following recursive formula: 

 0, ( ) ( ) , ( ) ( )( )
0 max E [d ( , ( ), ( ))] Var d ( , ( ), ( )) d ( )exp( ( ))

2t S t L t t S t L tt
J t S t L t f t S t L t S T r T t 

  



      
 (13) 

with terminal condition        , ,J T S T L T S T . Furthermore, ( , ( ), ( ))J t S t L t  can be represented as 

 0( , ( ), ( )) ( ) exp( ( )) ( , ( )).J t S t L t S t r T t J t L t       (14) 

Meanwhile, the time-consistent optimal strategy *( )t  and ( , ( ), ( ))f t S t L t  do not depend on time t's surplus 

( )S t  and are functions of   L t  and t  only. 

Remark 3.1 
Theorem 3.1 provides the HJB equation (13) in the differential form and the separability property of J , f  and 

the optimal strategy * . ( , ( ), ( ))f t S t L t , which can be written as ( , ( ))f t L t , represents the expected total 

gains or losses from the optimal strategy over the horizon  ,t T . Furthermore, since ( , ( ), ( ))f t S t L t  is evaluated 

under the optimal strategy, the term d ( , ( ), ( ))f t S t L t  in (13) is not affected by the control ( )t . 

Theorem 3.2 
The time-consistent optimal portfolio strategy of problem (6) is given by 

* 0
0 02

( , ( ))
( ) exp( ( )) ( ) ( )exp( ( )), [0, ].

( )

r r f t L t
t r T t L t L t r T t t T

L t

 
  
 

       


    (15) 

Remark 3.2 

Substituting *( )t given by (15) into (12) yields the computation formula for ( , ( ))f t L t  as 

2

0 0
0 0, ( ), ( ) , ( ), ( )

0, ( ), ( )

( , ( ))

1
E exp( ( ))( ) ( )ds E ds

( , ( ))
E ( ) ( )ds .

( )

T

t S t L t t S t L tt

T

t S t L t t

f t L t

r r r r
r T s r L s

f s L s
r r L s

L s

 



 
  




                  
 

   





 (16) 
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In order to obtain the explicit form of the solution, we have to find a new probability measure under which 
( , ( ))f t L t  can be computed directly. 

Theorem 3.3 
( , ( ))f t L t  can be expressed as 

2
*0 0
, , 0 0

1
( , ( )) ( ) E exp( ( ))( ) ( )du ,

T

t s l t

r r r r
f t L t T t r T u r L u 

  
                 (17) 

where * *
, ,E [ ] E [ | ( ) , ( ) ],t s l S t s L t l      denotes the expectation under the unique measure *P  given by the 

Radon-Nikodym derivative 

 
2*

0 0

0 0

d 1
exp ( ) d d ( )

d 2

T Tr r r rP
s W s

P  
  

   
 

     (18) 

The time-consistent optimal portfolio strategy *  is given by 

 * 0 0
0 02

( ) exp( ( )) ( ) exp ( )( ) , [0, ].
r r r r

t r T t L t r T t t T
  

  
          

 
 (19) 

The methods of proofs of the above theorems are analogous to Basak and Chabakauri (2010) and the proofs are 
presented in the appendix. 
Remark 3.3 

According to (19), we have the following conclusions. First of all, *  is a decreasing function of  . Thus, the 

bigger the   is, i.e., the more risk averse the investor is, the less the fund is invested in the risky asset. This agrees 
with the intuition. Second, in the case of no liability, the time-consistent optimal strategy is reduced to 

* 0
02

( ) exp( ( )),
r r

t r T t



    which is coincident with the strategies given by the simplest case of Bjork and 

Murgoci (2010) and equation (41) of Basak and Chabakauri (2010). We observe that, comparing with the case of no 
liability, the time-consistent optimal strategy of the case with an exogenous liability is stochastic while the one of the 
case of no liability is deterministic. Third, following the time-consistent optimal strategy, the investor with an 
exogenous liability purchases more risky asset than the one without liability does. 
Remark 3.4 

Comparing our time-consistent optimal portfolio strategy * given by (19) with the optimal portfolio strategy *u  

derived by Chiu and Li (2006), we have the conclusion that strategy *u  is not time-consistent for the following 
reason. 
As assumed, there are one risk-free asset and one risky asset in the market, while the investor is responsible for an 
exogenous liability. Furthermore, suppose that the correlation coefficient  =1. In our settings, the optimal strategy 

of Chiu and Li (2006) is 

 

* 0
02

0 0 0 0
02 2 2

( , , ) exp( ( ))
2

( )
exp ( )( ) ,

r r
u t s l r T t

s r r r r r r r r
l r T t


 

  
   


  

               
  

        (20) 

where 1 0 1 2 0[1 2 ( ( ) )] / (1 )A s A A l       is the auxiliary parameter, which is generated by employing 

the embedding technique of Li and Ng (2000), with 

 

2
0 0 0

1 0 0 2 02 2

2
0

02

( ) ( )( )
exp ( )( ) , exp ( )( ) ,

( )
1 exp ( ) .

r r r r r r
A r T t A T t

r r
T t


 



             
  

 
     

 

 (21) 

Noted that, 0t is the initial time of investment horizon, which is equal to 0 in the model of Chiu and Li (2006). As a 

result, if the investor enters the market at time 1t , 0 1t t T  , i.e. the initial time is 1t  rather than 0t , the 

coefficients
1

A , 2A and   all change. As a result, the auxiliary parameter   change accordingly. The ultimate 

result is that the optimal portfolio strategy *u  changes. Let *
0u  and *

1u  denote the optimal strategies of the 
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investors at time 0t  and 1t , respectively. For the investor at time t , 0 1t t t T   , * *
0 1( ) ( )u t u t . 

Consequently, the strategy given by Chiu and Li (2006) is actually a pre-commitment optimal strategy, but not 
time-consistent. 
4. MV Efficient Frontier 
In this section, we compute the MV efficient frontier. Let *( )S t  be the surplus process under the time-consistent 

optimal portfolio strategy *( )t  given by (19). Substituting (19) into (5) yields 

 

* * 0
0 1 2 02

*0
0 0

1
d ( ) ( ) ( ) ( ) ( ) d exp( ( ))d ( )

( ) exp ( )( ) d ( ) ( ) d ( ), (0) ,

r r
S t r S t F t L t F t t r T t W t

r r
L t r T t W t L t W t S s

 

   


        
       

 


    (22) 

where
2

0 0 0
1 0 0 2 02

( )
( ) exp ( )( ) , ( ) exp( ( )).

r r r r r r
F t r r T t F t r T t   

  
            

 
Applying Itô formula 

to 2( )L t , *( ) ( )S t L t  and * 2( )S t , we have 

 2 2 2 2 2 2
0d ( ) (2 ) ( ) d 2 ( ) d ( ), (0) ,L t L t t L t W t L l       (23) 

 * * 2 *
0 3 4

20 0
0 0

2 *
0 0

1
d( ( ) ( )) ( ) ( ) ( ) ( ) ( ) ( ) d ( ) ( )d ( )

( )exp( ( ))d ( ) ( ) exp ( )( ) d ( )

( ) d ( ), (0) (0) ,

S t L t r S t L t F t L t F t L t t S t L t W t

r r r r
L t r T t W t L t r T t W t

L t W t S L s l

 


  
 



       
         

 
 





     (24) 

* 2 * 2 * * 2
0 5 6 7 8 92

* *0 0
0 0

* * 2 2
0

1 1 1
d ( ) 2 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) d

2 ( )exp( ( ))d ( ) 2 ( ) ( )exp ( )( ) d ( )

2 ( ) ( )d ( ), (0) .

S t r S t F t S t L t F t S t F t L t F t L t F t t

r r r r
S t r T t W t S t L t r T t W t

S t L t W t S s

  

  
 


        
         

 
 

 (25) 

where 

2 2 20 0 0
3 0 0 0( ) exp ( )( ) exp ( )( ) ,

r r r r r r
F t r r T t r T t        

  
                  

   
2

0 0
4 0 02

( )
( ) exp( ( )) exp( ( )),

r r r r
F t r T t r T t

 
 

       

0 0
5 0 0( ) 2( ) 2 exp ( )( ) ,

r r r r
F t r r T t   

 
        

 
 

2
0

6 02

2( )
( ) exp( ( )),

r r
F t r T t




    

2 2 2 2 20 0
7 0 0( ) exp 2( )( ) 2 exp ( )( ) ,

r r r r
F t r T t r T t        

 
               

   

0 0
8 0 0( ) 2 exp ( 2 )( ) exp( ( )) ,

r r r r
F t r T t r T t  

 
            

  
 

2
0

9 02

( )
( ) exp( 2 ( )),

r r
F t r T t




    

Noted that 
0E[ ( )] exp( )L t l t , where E[ ]  is abbreviation for

0 00, ,E [ ]s l  , taking expectation on the both sides of 

(22) at time 0 yields 

 * * *
0 1 0 2 0

1
dE[ ( )] E[ ( )] ( ) exp( ) ( ) d , E[ (0)] .S t S t r F t l t F t t S s


     
 

 (26) 

The solution of ODE (26) is 
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 *
1 2

1
E[ ( )] ( ) ( ),S t H t H t


     (27) 

where 

            
 1 0 0 0 0 1 00

2 0 0 20

( ) exp( ) exp( ) ( ) exp ( ) d ,

( ) exp( ) exp( ) ( )d .

t

t

H t x r t l r t F s r s s

H t r t r s F s s

  

 




         (28) 

According to (23), 2 2 2
0E[ ( ) ] exp((2 ) )L t l t   . Taking expectation on the both sides of (24) at time 0 yields 

 * * 2 2
0 3 0 4 0

*
0 0

1
dE( ( ) ( )) E[ ( ) ( )] ( ) exp((2 ) ) ( ) exp( ) d ,

E[ (0) (0)] .

S t L t r S t L t F t l t F t l t t

S L s l

   


       


 (29) 

The solution of (29) is 

 *
3 4

1
E( ( ) ( )) ( ) ( ),S t L t H t H t


   (30) 

where 

     
 

2 2
3 0 0 0 0 0 3 00

4 0 0 0 40

( ) exp ( ) exp ( ) ( ) exp ( ) d ,

( ) exp ( ) exp( ) ( )d .

t

t

H t x l r t l r t F s r s s

H t l r t r s F s s

   



     

  




 

Taking expectation on the both sides of (25) at time 0 yields  

* 2 * * 2
0 5 6 7

* 2

8 92

* 2 2
0

1
2 E[ ( ) ] ( )E[ ( ) ( )] ( )E[ ( )] ( )E[ ( ) ]

dE( ( ) ) d ,
1 1

( )E[ ( )] ( )

E[ (0) ] .

r S t F t S t L t F t S t F t L t
S t t

F t L t F t

S s



 

    
  
    



 

Substituting (27), (30), E[ ( )]L t  and 2E[ ( ) ]L t  into the above equation, we have 

 * 2
5 6 72

1 1
E[ ( ) ] ( ) ( ) ( ),S t H t H t H t

 
     (31) 

where 
2 2 2

5 0 0 0 0 5 3 0 70
( ) exp(2 ) exp(2 ) exp( 2 )[ ( ) ( ) ( ) exp((2 ) )]d ,

t
H t s r t r t r s F s H s l F s s s       (32) 

6 0 0 5 4 6 1 0 80
( ) exp(2 ) exp( 2 )[ ( ) ( ) ( ) ( ) ( ) exp( )]d ,

t
H t r t r s F s H s F s H s l F s s s     (33) 

 7 0 0 6 2 90
( ) exp(2 ) exp( 2 )[ ( ) ( ) ( )]d ,

t
H t r t r s F s H s F s s     (34) 

Consequently, the variance of the surplus under the time-consistent optimal portfolio strategy is 

      * 2 2
5 1 6 1 2 7 22

1 1
Var[ ( )] ( ) ( ) ( ) 2 ( ) ( ) ( ) ( ) .S t H t H t H t H t H t H t H t

 
       (35) 

According to (27), *
1 21/ =[E[ ( )] ( )] / ( )S t H t H t  . Substituting the expression of   into (35), we have the 

closed-form of the efficient frontier presented in the following theorem. 
Theorem 4.1 

The efficient frontier of problem (6) under the time-consistent optimal portfolio strategy *( )t  is 

     
 

   

2
2* *7 2

12
2

* 26 1 2
1 5 1

2

( ) ( )
Var[ ( )] E[ ( )] ( )

( )

( ) 2 ( ) ( )
E[ ( )] ( ) ( ) ( ) ,

( )

H T H T
S T S T H T

H T

H T H T H T
S T H T H T H T

H T


 


   

         (36) 

where 
1 2 5 6 7( ), ( ), ( ), ( ), ( )H T H t H T H T H t  are given by (28) and (32) - (34). 

Remark 4.1 
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After calculation, 
2 4 2 2

0 0 0
2 72 4 2

( ) ( ) ( )
( ) , ( ) ,

r r T r r T r r T
H T H T

  
  

   thus, 

2 2
7 2 2 2( ( ) ( ) ) / ( ) 1/ ( ) 0H T H T H T H T   . Therefore, the efficient frontier given by (36) is a parabola in 

* *Var[ ( )] E[ ( )]S T S T  plane. 

Remark 4.2 

Denote 
*

( )uS T  as the terminal surplus under strategy *u  given by (20). The efficient frontier under strategy *u  is 

* *

2

0
0 0 0 0 0

1
Var[ ( )] E[ ( )] exp( ) exp( ) exp ( ) ,u u r r

S T S T s r T l r T l T 


                
(37) 

where   is given by (21). 
5. Numerical Example 

This section provides a numerical example to illustrate our results. Of course, using real time-series variables may 
help demonstrate the proposed solution procedure, but our assessment shows that similar results will be obtained by 
doing so.  

Consider an investor whose initial wealth is 
0 2x   and initial liability is 

0 1l  . Throughout this section, unless 

otherwise noted, the basic parameters are given by
0 0.06,  0.2,r r   0.08, 0.2, 0.5, 7T       

5.1 Impact of the parameters on the optimal strategy 

   

(a)                                      (b) 

 

(c)                                     (d) 
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  (e)                                      (f) 
Figure 1. Impact of the parameters on the time-consistent optimal strategy 

After carrying out multiple simulations, we try to get a clearer set of pictures to illustrate the impact of the 
parameters on the time-consistent optimal strategy. In Figure 1, for the parameters involving the assets, (a) and (c) 

shows that the larger the interest rate of the risk-free asset 0r  or the volatility of the risky asset   is, the less 

money the investor invests in the risky asset; (b) illustrates that the time-consistent optimal strategy *( )t  

increases as the appreciation rate of the risky asset r  increases. For the parameters involving the exogenous 

liability, (d) shows that *( )t  increases as the appreciation rate of the liability   increases; (e) illustrates that the 

larger the volatility of the liability   is, the more money the investor invests in the risky asset. (f) indicates that 
*( )t  increases with the increasing correlation coefficient  ; (f) also demonstrates that the time-consistent 

optimal strategy is a deterministic function of time if 0  , and the bigger the   is, the more strongly the 

optimal strategy is disturbed. 
5.2 Impact of the exogenous liability on the efficient frontier 

 

(a)                                      (b) 
Figure 2. Impact of the exogenous liability on the time-consistent efficient frontier 

In Figure 2, we draw the efficient frontiers under the time-consistent optimal strategies with and without an 
exogenous liability, respectively. The efficient frontier under the time-consistent optimal strategy with an exogenous 
liability is drawn according to (36). Note that the correlation coefficient for the efficient frontier with liability in 
subgraph (a) is chosen as 0.5  , while the one in subgraph (b) is chosen as 1  . For the case of no liability, 
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letting   0L t  , 0  , 0   and 0   for the parameters of (36), the efficient frontier under the 

time-consistent optimal strategy without liability is derived. 
First of all, both subgraphs (a) and (b) show that the efficient frontier under the time-consistent optimal strategy with 
an exogenous liability is below the one in the case of no liability. This phenomenon agrees with the common sense in 
that for the same level of expected terminal return, the investor with liability has to invest in more risky asset than 
the one without liability does, thus the former takes more risk than the latter does. 

Second, comparing subgraphs (a) and (b), we find that the efficient frontier with an exogenous liability in subgraph 
(b) intersects the *E[ ( )]S T  axis at one point, while the one in subgraph (a) does not. This is because, unlike the 

complete correlation of the two Brownian motions which drive the risky asset and the exogenous liability in 
subgraph (b), the correlation coefficient of these Brownian motions are 0.5 in subgraph (a), thus the risk of the 
exogenous liability in subgraph (a) can not be completely hedged. 
5.3 Comparison of MV efficient frontiers under different optimal strategies 

 

Figure 3. Comparison of the efficient frontier under the time-consistent optimal strategy  

with the one under the pre-commitment optimal strategy 

In Figure 3, the MV efficient frontier given by (36) is labeled as “time-consistent EF”, while the one given by (37) is 
labeled as “pre-commitment EF”. Noted that, according to the model of Chiu and Li (2006), the correlation 
coefficient is chosen as 1  . 

First of all, no matter what the investment horizon T is, the efficient frontier under the time-consistent optimal 
strategy is below the one under the pre-commitment optimal strategy. This is rational because the pre-commitment 
optimal strategy is the strategy which optimizes the objective function at the initial time, while the time-consistent 
one can optimize the objective functions at any subsequent time according to the current state. In another word, to 
derive a time-consistent optimal strategy, we need to take account of additional constraints which are not involved in 
the MV portfolio selection problem under the pre-commitment mechanism. Obviously, from the perspective of the 
investor at the initial time, the pre-commitment optimal strategy is more efficient than the time-consistent one. 

Second, by comparing the gaps between the time-consistent and the pre-commitment efficient frontier under 
different investment horizons, we can find that, the longer the investment horizon is, the further the time-consistent 
efficient frontier is away from the pre-commitment one. The reason is that the longer the investment horizon is, the 
more decision points the investor has to consider, thus the greater the difference between them is. 

6. Conclusions 

In this paper, we have investigated the time-consistent optimal portfolio strategy for AL management under MV 
criterion. Specifically, the price of the risky asset and the value of the exogenous liability are driven by different 
Brownian motions. By using the stochastic dynamic programming approach, the extended HJB equation, the 
analytical time-consistent optimal strategy, as well as the MV efficient frontier have been derived. Comparing with 
the model of Basak and Chabakauri (2010) which considers the time-consistent MV portfolio selection problem 
without liability, and the model of Chiu and Li (2006) which solves the dynamic AL management under MV criterion 
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and the pre-commitment mechanism, our work is the first to study the time-consistent optimal portfolio strategy for 
AL management under MV criterion. Some interesting results are derived: (1) introducing an exogenous liability 
makes the time-consistent optimal strategy be a stochastic process while the one in the special case of Basak and 
Chabakauri (2010) is a deterministic one; (2) the efficient frontier of the time-consistent portfolio problem with 
liability is still a parabola in variance-mean plane; (3) for the efficient frontiers under the time-consistent optimal 
portfolio strategies, the one for an investor considering an exogenous liability is below the one in which the investor 
does not take liability into account; and (4) for the continuous-time AL management under MV criterion, the efficient 
frontier under the time-consistent optimal strategy is below the one under the pre-commitment optimal strategy. 

There are still some interesting problems we can study in the future. For instance, (1) This paper assumes that the 
mean return and the volatility of risky asset are constants. One can consider the case of random mean return or 
volatility. (2) In our setting, the risk aversion parameter of investor is a constant. It may also be of interest to 
investigate the case of state dependent risk aversion. (3) It is also worth to consider the case in which the risky asset's 
price is driven by jump-diffusion process or coefficients of the market depend on the regime of the economy. 
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Appendix 

1 Proof of Lemma 3.1 

According to Itô's Lemma and the surplus dynamic process (5), we have 

 
 

0

0 0 0

d(S ( )exp( ( ))

exp( ( )) [( ) ( ) ( ) ( )]d ( )d ( ) ( )d ( ) .

t r T t

r T t r L t r r t t t W t L t W t



   



       
  (38) 

Assuming that the investor adopts the optimal strategy *( )s  in the interval [ , ]t T ,  integrating (38) from 

t   to T  and taking the conditional expectation *
, ( ), ( )

[ ]
t S t L t

E
    

  on the both sides of the integration 

equation derived, we have 
*

*

*
0 0 0

, ( ), ( )

( , ( ), ( ))

E exp( ( ))[( ) ( ) ( ) ( )]ds ,
T

tt S t L t

f t S t L t

r T s r L s r r s




  

  

 
  

  

       
 

which agrees with (12). 
2. Proof of Theorem 3.1 
According to the recursive formula (10) of ( , ( ), ( ))J t S t L t   and the definition of ( , ( ), ( ))f t S t L t , we have 

 , ( ), ( )

, ( ), ( )( ): [ , ]

0 0

( , ( ), ( ))

E [ ( , ( ), ( ))]

= max Var [ ( , ( ), ( )) ( , ( ), ( ))
2

( ) exp( ( )) ( ) exp( ( ))

t S t L t

t S t L ts s t t

J t S t L t

J t S t L t

f t S t L t f t S t L t

S t r T t S t r T t









 

 

 

  

   

 
 

   
 
      
 
      
 

    (39) 

Moving ( , ( ), ( ))J t S t L t  to the right side and letting   tend to 0 yield the HJB equation in the differential form 

(13). Combining the definition of ( , ( ), ( ))J t S t L t  with 
, ( ), ( )E [ ( )] ( )T S T L T S T S T  and 

, ( ), ( )Var [ ( )] 0T S T L T S T  , the 

terminal condition is       , ,J T S T L T S T . 

Substituting ( )S T , which is derived by integrating (38) from t  to T , into the time t 's objective function 

( , ( ), ( ))U t S t L t , yields 

, ( ), ( ) , ( ), ( )

0 0 0 0, ( ), ( )

0 0 0

, ( ), ( )

0

E [ ( )] Var [ ( )]
2

( ) exp( ( )) E exp( ( ))[( ) ( ) ( ) ( )]du

exp( ( ))[( ) ( ) ( ) ( )]du
Var

2 exp( ( )) ( )d

t S t L t t S t L t

T

t S t L t t

T

t

t S t L t

S T S T

S t r T t r T u r L s r r u

r T u r L s r r u

r T u u

 





 





 

 





         

   


 




0

.
W(u)- exp( ( )) ( )dW(u)

T T

t t
r T u L u

 
 
 

    

 

According to the above equation, term 0( ) exp( ( ))S t r T t   is separable from  L s and the control ( )s  for 

[ , ]s t T . Consequently, the optimal strategy *( )s  does not depend on ( )S t  for s t . 

Furthermore, *( )t  depends only on  L t  and t  because of the Markovian nature of the economy. Thus, the 

separable form (14) of the optimal value function ( , ( ), ( ))J t S t L t  is derived. Since ( , ( ), ( ))f t S t L t  is 

expressed by (12), it also depends only on   L t  and t . 

3. Proof of Theorem 3.2 

According to the separability property of ( , ( ), ( ))J t S t L t  in (14), we have 

  0 ( )d ( , ( ), ( )) d ( ) d ( , ( )).r T tJ t S t L t S t e J t L t      (40) 

Applying Itô Lemma to ( , ( ))J t L t  and   ,f t L t , we have 
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 ( , ( ))
d ( , ( )) ( , ( ))d ( )d ( ),

( )

J t L t
J t L t J t L t t L t W t

L t


 



  D  (41) 

 ( , ( ))
d ( , ( )) ( , ( ))d ( )d ( ),

( )

f t L t
f t L t f t L t t L t W t

L t


 


D  (42) 

where D  is an operator which transforms an arbitrary twice continuously differentiable function   ,F t L t  into 

2
2 2

2

( , ( )) ( , ( )) 1 ( , ( ))
( , ( )) ( ) ( ) .

( ) 2 ( )

F t L t F t L t F t L t
F t L t L t L t

t L t L t
   

  
  

D  

Substituting (41), (42) and (38) into HJB equation (13) yields 
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0
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0 0

( )( )
, ,

( , ( ))d [( ) ( ) ( ) ( )]d

0 max ( , ( ))
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D

   (43) 

The meaning of the above equation is to maximize a quadratic concave function of ( )t . As a result, the first-order 
condition of the above optimization problem yields the unique optimal strategy *( )t  which is given by (15). 

4. Proof of Theorem 3.1 

Noting that   ,f t L t  is expressed as the conditional expectation form in equation (16), according to 

Feynman-Kac Theorem (see Karatzas and Shreve (1991) or Yong and Zhou (1999)),   ,f t L t  is the unique 

solution of following partial differential equation (PDE): 

 

0

2
2 20

2

2
( )0 0

0

( , ( )) ( , ( )) 1 ( , ( ))
( ) ( )

( ) 2 ( )

1
( ) 0, ( , ( )) 0.r T t

r rf t L t f t L t f t L t
L t L t

t L t L t

r r r r
r L t e f T L T

  


 
  



         

            
   

      (44) 

Using Feynman-Kac Theorem again, there exists a probability measure *P  under which the function   ,f t L t  

can be expressed as (17), and under this probability measure, the process  L t  satisfies the following SDE: 

 *0d ( ) ( ) ( )d d ( ) .
r r

L t L t t W t  

     

   (45) 

Comparing the representation formulation (45) with (4), we observe that probability measure *P  transforms 
Brownian motion ( )W t  into *( )W t  in the following form: 

* 0( ) ( ) dd .
r r

W t W t t



    

We use Girsanov's Theorem to find the Randon-Nikodym derivative *d / dP P . Recall that the Brownian motion 
( )W t  can be decomposed as a sum of two uncorrelated Brownian motions in the form of the following equation: 

 2 0d ( ) d ( ) 1 d ( ),W t W t W t     

where 0

2

( ) ( )
( )

1

W t W t
W t










. Let 

 * 0* 00d d d( ) ( ) , ( ) ( )d d .
r r

W t W t t W t W t



    

It can be observed that 

 * 2 0 * 2 0*0( ) ( ) 1 ( ) ( ) 1 ( )d d d d d .d
r r

W t W t t W t W t W t   
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Let 0( ( ), ( ))tY W t W t   and 0( ) ( ,0)
r r

t



  . According to Girsanov's Theorem, the Randon-Nikodym derivative 

is 

 
*

2

0 0

d
d d

1
exp( (

d
) ( ) ,

2
)

T T

s

P
s s s Y

P
     ‖ ‖  

which coincides with (18). 
The remaining work is to derive the analytical optimal strategy *( )t . Substituting (17) into (15), we need only to 

compute ( , ( ))

( )

f t L t

L t




. According to (17), 

 
2

*0 0
0 , , 0

1
( , ( )) ( ) exp( E( )) [ ( ] d) .

T

t s lt

r r r r
f t L t T t r T u L u r u 

  
            

     (46) 

Let *
, ,( , ) [ ( ]E )t s lg t u L u , for u t . Since 

 *0( ) ( ) ( ) ( ),d d d
r r

L t L t t L t W t  

    

 
  

integrating the above equation from t  to u  and taking the conditional expectation *
, , ·]E [t s l

 on the both sides of 

the integration equation derived, we obtain the representation of  ,g t u as 

 0 d( , ) ( ) ( , ) .
u

t

r r
g t u L t g t s s 


    

    (47) 

Differentiating (47) with respect to  u  yields 

 0( , )
( , )

r rg t u
g t u

u
 


      

   (48) 

with initial condition     ,g t t L t . After calculation, the unique solution of ODE (48) is  

 0( , ) ( ) exp(( )( )).
r r

g t u L t u t 



     (49) 

Substituting (49) into (46), we have 
2

0 0
0

1
( , ( )) ( ) ( ) exp( ( )) exp(( )( )) .

r r r r
f t L t T t L t r T t T t 

  
                

  (50) 

Finally, substituting (50) into (15) yields the *( )t  represented in (19). 

  


